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Abstract 

Based on an extension of the holographic principle to superspace, we provide a 
strong-coupling description of smooth super Wilson loops in J\f = 4 super Yang- 
Mills theory in terms of minimal surfaces of the AdS§ x S 5 superstring. We em¬ 
ploy the classical integrability of the Green-Schwarz superstring on AdS§ x S 5 
to derive the superconformal and Yangian Y[psu(2, 2|4)] Ward identities for the 
super Wilson loop, thus extending the strong coupling results obtained for the 
Maldacena-Wilson loop. In the course of the derivation, we determine the min¬ 
imal surface solution up to third order in an expansion close to the conformal 
boundary. 
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1 Introduction and Summary 


The holographic AdS/CFT correspondence [T] has proven to be very successful in studying 
quantum field theories as it allows to investigate the strong coupling regime which is inaccessible 
to perturbation theory. The most famous and best studied example of this correspondence is the 
Af = 4 supersymmetric Yang-Mils (SYM) theory in the planar limit which corresponds to type 
1IB superstring theory on an AdS§ x S 5 background. The string theory is known to be classically 
integrablc [2| and both theories appear to be integrable also at the quantum level. 

Integrable structures, which are often related to an infinite dimensional extension of the un¬ 
derlying superconformal symmetry into a Yangian symmetry algebra, have by now been detected 
for a wide range of observables. The earliest examples were found while investigating two-point 
functions in Af = 4 SYM. These could be related to integrable spin chain models and generalized 
Bethe ansatze were formulated as a solution to the spectral problem, see |3j for an overview. 
Other observables showed hints of integrability in a different form. A duality between certain 
scattering amplitudes and null-polygon Wilson loops was first discovered at strong coupling (4) 
and later also observed at weak coupling j5j. Subsequently, the duality was extended to relate any 
amplitude to polygonal super Wilson loops |6|. On the weak coupling side the duality between 
Wilson loops and amplitudes inspired the discovery of a dual superconformal symmetry |7| in 
addition to the ordinary superconformal symmetry. This symmetry has been studied thoroughly 
since and was shown to combine with the usual superconformal symmetry into a Yangian sym¬ 
metry |8). It can most naturally be understood as the invariance of the AdS$ x S 5 superstring 
under a generalized T-duality j9|. Due to infrared divergences, the symmetry of the amplitude 
is deformed at loop level 10 , but holds for the loop integrand 11 . The symmetries of null- 


polygonal Wilson loops suffer from the same divergences as the amplitudes, which due to dual 
coordinates appear as UV divergences in the Wilson loop picture 12 14 . A recent construct¬ 


ive application of integrability to cusped Wilson loops at any coupling uses their decomposition 
into so-called pentagon transitions which can be fixed from integrability (l5j. The attempt to 
make the Yangian invariance of amplitudes/Wilson loops manifest led to the investigation of 
the positive Grassmanian and its generalization the Amplituhedron [fl6 1 . The developments in 
this area certainly point towards the existence of rich integrable structures for both amplitudes 
and Wilson loops, the uncovering of which is impeded by the breakdown or deformation of the 
symmetries due to the appearance of divergences. 

In this paper we turn to a class of finite observables: Smooth super Wilson loops, which are 
a generalization of the Maldacena-Wilson loop 17,18 and have already been considered in the 


early days of the AdS/CFT correspondence 19 . The Maldacena-Wilson loop is a generalization 


of the Wilson loop, which is specific for = 4 SYM as it also includes the scalar fields dq 


W(C) = V exp J ds . 


( 1 . 1 ) 


Here, n 1 describes a point on S 5 as n 2 = 1 and may also depend on the loop parameter s. The 
expectation value of the Maldacena-Wilson loop is finite for smooth contours, which is related 
to the local 1/2 BPS symmetry of the loop operator. At strong coupling, the Maldacena-Wilson 
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loop is described by the renormalized area of a minimal surface in anti de Sitter space ending on 
the conformal boundary on the loop contour C, 


(W(C)) e -#A.„(C) 


( 1 , 2 ) 


The classical integrability of the string action which describes the area can be applied to derive 


the invariance of {W(C)) under the Yangian symmetry Y[so(2, 4)] over the conformal algebra 20 
for which one finds the level-1 generators 


•4 0) = f cb a / dsids 2 e(si - s 2 )tf(xi)g(x 2 ) 


6 2 


A 


6x16x2 2n 2 


+ / ds C( x ) + x„) 


(1,3) 


Here, £a(x) are conformal Killing vectors and f cb a denote the dual structure constants of the 
conformal algebra. Apart from the typical bi-local part of level-1 Yangian generators also 
involves a coupling dependent local piece, which is for simplicity written in an arc-length para- 
metrization, |x| = 1. 

Of course, the derivation is only valid in the strong coupling regime A 1 and so it is natural 
to ask whether the observed Yangian invariance holds for any value of A. This question was 


addressed in 20 by considering (W(C)) for small A in perturbation theory and it was shown 


that a Yangian symmetry of the Maldacena Wilson loop is not present at weak coupling. However, 
it was shown that a supersymmetric extension W(C') of the Maldacena Wilson loop, in which 
the fermionic fields of Af = 4 SYM couple to the coordinates of a non-chiral superspace, exhibits 
signs of a Yangian symmetry over the superconformal algebra psu(2,2|4). Specifically it was 
demonstrated that - to first order in perturbation theory and to lowest order in an expansion in 
the anticommuting superspace coordinates 6 and 6 - the expectation value (W(C')) is annihilated 
by the level-1 Yangian generator 


p(!)M _ j 


cb 


pp 


dsids 2 e(si - s 2 )jb{s 1 ) j c (s 2 ) + 


7A 

967T 2 


ds x 


(1.4) 


Here, the j a (s 1 ) form a representation of the superconformal algebra psu(2,2|4) in terms of dif¬ 
ferential operators and it is understood that the derivatives in j b (s 1 ) do not act on j c (s 2 ). The 
super Maldacena Wilson loop on which this generator acts may be viewed as the smooth coun¬ 


terpart of the lightlike polygonal non-chiral super Wilson loops constructed in 14,13 , although 


providing an explicit relation between them is obstructed by the incomplete knowledge of W(C') 


that follows from the order-by-order construction performed in 20 . The held theory description 


of smooth super Maldacena-Wilson loops is being worked out in parallel 21,22], whereas we 
focus on the strong coupling description in this paper. 


Interestingly, the contour dependence of the local piece in (1.4) agrees with that of the Yangian 


generator derived for the bosonic Maldacena Wilson loop at strong coupling and it was suspected 
that this structural agreement of weak and strong coupling symmetries would continue to hold 
true for the full super Wilson loop and that even the exact A-dependence could coincide upon 
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including fermionic contributions at strong coupling. The latter supposition can be disproved 
in this paper, a comparison of the contour dependence of the local term is postponed until the 


results of 22 are available. 


In this paper we turn to the strong coupling description of the super Maldacena-Wilson loop 


W(C'), for which we use the natural generalization of ( 1 . 2 ) that is given by 


<W(C)> e-£ A -W 


(1.5) 


Here, the minimal area A re n(C) is computed from the Green-Schwarz superstring action |23| in the 
supercoset space PSU(2, 2|4)/(50(4,1) x SO( 5)). The appropriate boundary conditions follow 


from the construction of the superconformal boundary of this space 19 , which also provides the 


appropriate superspace for the super Maldacena-Wilson loop. This space includes the spherical 


m 


coordinates appearing in ( 1 . 1 ), whose inclusion in the superspace was subject to speculation 


20 . We provide a renormalization procedure for the minimal area, which is given by 


Aen(C') = lim / AmmiC) 

£->0 I 


C(C) 


y>£ 


£(C) = I ds \n(s)\ , (1.6) 


where + i(Xa^X — Xa^X) is the supermomentum of a superparticle moving along the 

contour C. This generalizes the construction applied in AdS§. Moreover, we derive the first few 
orders of the parametrization of the minimal surface in an expansion away from the boundary, 
thereby generalizing the results obtained by Polyakov and Rychkov for minimal surfaces in AdS 5 
24 . These insights are then applied to show that the super Maldacena-Wilson loop is Yangian 


invariant at strong coupling by explicitly constructing all level zero and level one generators of the 
Yangian algebra Y[psu(2, 2|4)], which we provide in equations (4.56) and (4.76). The derivation 
relies on the classical integrability [21 of the superstring. 

Let us explain briefly how this paper is structured. The simplicity of the construction we apply 
to derive the Yangian symmetries of the super Wilson loop is obscured by the technical difficulties 
that arise in dealing with the superstring action on the supercoset space PSU(2 , 2|4)/(S'0(4,1) x 
SO( 5)). We therefore reconsider the purely bosonic situation of a minimal surface in AdS$, where 


the structure of the derivation is more transparent. I 11 contrast to 20 we provide the derivation 
in the language of a coset construction that can be generalized to the full supercoset. This 
account forms the most part of section [ 2 j which also contains a discussion of minimal surfaces in 
5 5 , again employing a coset construction that generalizes to the full supercoset. 

In section [3] we introduce the strong coupling description of the super Maldacena-Wilson loop 
based on a minimal surface in the supercoset space PSU(2, 2|4)/(50(4,1) x 50(5)). Following 


the review article |25j we introduce the action 23 of the Green-Schwarz superstring in AdS§ x S 5 
and briefly discuss the properties needed in the remainder of this paper. We then go on to 
discuss the boundary conditions for the minimal surface which follow from the description of the 
conformal boundary of the AdS 5 x S 5 superspace given by Ooguri et al. 


19 


Section [4] comprises the new results obtained in this paper. We relate the first orders of the 
parametrization of the minimal surface to the boundary data by iteratively solving the equations 
of motion and Virasoro constraints. The coefficients that are not fixed in this way can be related 
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to variational derivatives of the minimal area. The evaluation of the conserved charges obtained 
from the integrability of the string model then leads to the desired superconformal and Yangian 
Ward identities for the super Maldacena Wilson loop. 

Wherever possible we try not to burden the exposition with too much technical detail. The 
details of certain calculations as well as a collection of our conventions are provided in the 
appendices |A|- [Ej 


2 Minimal surfaces in AdS$ and S 5 


2.1 The Maldacena-Wilson Loop at strong Coupling 

We rederive the Yangian symmetry of the Maldacena-Wilson loop at strong coupling, which 
was discovered in 1201. Here, we employ a coset description of AdS$ ~ 50(4, 2)/50(4,1) to 
prepare ourselves for the discussion of the super Wilson loop, which will also be based on a coset 
description. 

At strong coupling, the expectation value of the Maldacena-Wilson loop is given by |l7 

(W(C)) exp (-£a„,(C)) . (2.1) 


Here, A ren (C ) is the renormalized area of a minimal surface that ends on the curve C on the 
conformal boundary of AdS§. Let us point out here, that the use of the renormalized area is a 


consequence of the AdS/CFT prescription for computing (W ( C )) at strong coupling, see e.g. 26 


ft does not correspond to a renormalization of the Maldacena-Wilson loop, which is finite for 
smooth loops. 

The minimal surface is most naturally described in Poincare coordinates, which may be ob¬ 


tained from coset constructions in different ways. We follow 19 and use a construction which may 


be generalized to the super Wilson loop. The description of the coset space 50(4, 2)/50(4,1) is 
based on the Z 2 decomposition of the conformal algebra so(4, 2), which we discuss in appendix [Cj 


so(4,2) = ( 8 <°> ~ so(4,1)) © c 8 ( ‘+‘ mod4 >, 

0 (o) = span {P F - K f , Afp„} . 0 (2) — span {P !I + K fll D) . 


( 2 . 2 ) 

(2,3) 


The coset representatives are given by 


g(X, y ) = e x p y D => A = -g 1 dg = - — D , 


y 


y 


and we note the projections 


A ( °) = (P M - KJ , A (2) = (P M + K^) — — D 

2 y y p ’ 2 y p ^ y 


(2.4) 


(2.5) 
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The metric of the coset space is obtained from the group metric introduced in appendix [C] and 
the Cartan form A as 


ds 2 = (A™ , A®) = d y 2 + ^ X ^ 


i? = diag(—,+,+,+). 


(2.6) 


showing that the parametrization g(X,y ) reproduces the well-known Poincare coordinates for 
AdS§. Correspondingly, we may describe the area functional in these coordinates by the sigma- 
model action 

W, 7 ] = \ J dsdr 7 « (y 2) , Af) , (2.7) 


Here, y *- 7 = Vhh^ denotes the Weyl-invariant combination formed from the world-sheet metric 
and its determinant. In 20 , the authors considered Euclidean AdS 5 where the boundary space 


is Euclidean. Here, we restrict ourselves to boundary curves, for which all tangent vectors are 
spacelike. Then the world-sheet metric is Euclidean and in conformal gauge we have y*- 7 = 8 l K 
The minimal surface is subject to the boundary conditions 


y(r — 0, s) — 0 , X m (t = 0 , s) = x li (s) 


( 2 , 8 ) 


Here, x fl (s ) denotes a parametrization of the boundary curve C. The minimization of ( 2.7[ ) leads 
to the equations of motion and Virasoro constraints (in conformal gauge) 


F’ I ft if - 


1 < 0 > 1 < 2) 


) = 0, (7 21 , Af) - S u (. Af . Af ) = 0 . 


(2,9) 


Due to the divergence of the metric on the conformal boundary y — 0, one can fix the first 
coefficients in the r-expansion of X and y from the equations of motion. Introducing the notation 


w n ^ n 

x ^(r,s) = X ( M 0) (s) + ^4)( s ) ~ ’ 2/( T > s ) = 2/(0) (s) + J^2/D)( s ) ^ . 


one obtains that 


24 


2/(i) = \x 


9(2) = 0 , Xf = 0, 




( 2 . 10 ) 


( 2 . 11 ) 


This shows that that the minimal surface moves away from the boundary perpendicularly as one 
would expect from the divergence of the metric on the conformal boundary. The divergence of 
the minimal area is correspondingly given by 


A{C) 


L(C) 


y>£ 


+ o (<=»). 


( 2 . 12 ) 


where L{C) denotes the length of the curve. The renormalized area appearing in (2.1) is defined 
by 


A ien (C) := lim A(C) 

e-s-0 


y>e 




(2.13) 
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An interpretation of this specific renormalization procedure for the renormalized area has been 


discussed in 26 


Computing the variation of A ren (C) with respect to a variation of the boundary data x fl (s) 
one may identify another coefficient in the r-expansion [24], 


X $)( s ) = 


SA ren (C) 

SxJs) 


(2.14) 


In order to derive this result, consider a variation 8x^(s) of the boundary curve. The variation of 
the boundary curve induces a variation (8X^, 5y) of the parametrization of the minimal surface. 
From the solution (2.11) of the equations of motion we know that SX^ = 5x M + 0{r 2 ). Let 
us then compute the variation of the minimal area, which is regulated by demanding y > e, or 
equivalently r > t 0 (s), where r 0 (s) is defined by r/(r 0 (s),s) = e. Since we are varying around a 
minimal surface solution, we may employ that (X M ,r/) satisfy the equations of motion and hence 
the variation is given by a boundary term, 


5A\ > = 

\y>£ 


ds 


r 0 (s) 


dr di + = I f ds {tq(s) d s X»8X^ - drX^Xp} 

y j 


Here, we used that 8y(r 0 (s),s) = 0 due to the definition of r 0 . Inserting the results (2.11) one 
finds 


8A\ > = 

iy>e 


8L(C) 


ds 


y-y, 

A 0) C 

. 2 OX ^, 
X 


from which one can read off the result (2.14). To fix the higher coefficients in the r-expansion, 
it is convenient to restrict the parametrization of the boundary curve to satisfy x 2 = 1. The 
residual reparametrization invariance in conformal gauge is sufficient to do so. We have refrained 
from fixing the parametrization until now, since in the derivation of (2.14) one has to be careful 
about restricting the parametrization of the boundary curve, since 5|x| ^ 0, which one tends to 
overlook after setting ± = 1. 

For the higher-order coefficients one may derive 


y( 3 ) 


= —x 


A (4) = \ + I x 2 + x^ X ■ x) 


(2.15) 


from the Virasoro constraints and equations of motion respectively 201. Given these findings 
one may employ the classical integrability of the bosonic string theory on AdS 5 to derive Ward 
identities for the Wilson loop (2.1) at strong coupling. The Noether current = gA^g^ 1 of the 
model is both flat and conserved, 

di J l = 0, di Jj - dj Ji + 2 [Ji , Jj] = 0 . (2.16) 

Using these properties one can construct non-local conserved charges 

1 


s<01 = / 


ds J T , Q (1) = - dsi ds 2 e(si - s 2 ) [J T (si), J r (s 2 )] - 


ds J s . 


(2.17) 













Figure 1: As any cycle C on the minimal surface worldsheet is con¬ 
tractible and the charges and Q d) do not change under cycle 
deformations, the initial cycle Co at the boundary may be shrunk to 
zero at the tip of the surface. This forces the charges Q ^ and Qd) 
to vanish. 


Since any curve on the minimal surface is contractible, these charges are not only conserved, 
but also vanishing, Q ( °) = Q d) = 0, see figure [l] The condition of vanishing charges is a global 
property of the minimal surface and it provides the necessary global information to derive the 
symmetries of the minimal area. Our analysis is otherwise restricted to the local expansion of the 
minimal surface around the conformal boundary. Another way to view the condition of vanishing 
charges is explained in 27 . The minimal surface is not determined as an initial value problem, 


since the coefficients A|b are not determined by the boundary data. If one provides an arbitrary 
function for the coefficient Xffi, the solution of the initial value problem develops a singularity 


and the conserved charges are non-vanishing. The condition of vanishing charges may thus in 
turn be used to determine the coefficients , the higher-order terms can then be fixed from 
the equations of motion. 

From the vanishing of the charges, we infer that in a Laurent expansion in r all coefficients of 
the charges vanish. For the r-dependent term this follows trivially from the equations of motion, 
the vanishing of the r°-coefficients leads to the desired Ward identities for the strongly coupled 
Maldacena-Wilson loop. The evaluation of the level-zero charge Q^°) shows that 


Q (») = e «»| T0 =iy d Se * p 


SA m (C) 

Sx^(s) 


K' 1 


e~ x P = 0. 


(2.18) 


Here, we have already calculated the conjugation with y D and extracted the r°-term. The 
vanishing of Q ^ encodes the conformal invariance of the minimal area, as the conjugation of K u 
with e x P gives the conformal Killing vectors 

e x P (| K») e~ x P = ^T a = P^ + x v M v>Ji + x^D + - 2x»x v ) K u , (2.19) 
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{£>, 9 P % - e b d p e = / ab c e. 


( 2 . 20 ) 


Here, T a = G ab T b denotes the dual basis to the basis used in (2.3). We can rewrite (2.18) as the 
conformal invariance of the Maldacena-Wilson loop at strong coupling, 

4 a) mc)) = f rei=o. ( 2 . 21 ) 


8x^(s) 


The evaluation of the level-one charge gives 


q (i) u = m t« / d Sl d S2£ ( Sl - S2 )$(x t ) g( l2 ) 


5-A rpn 5 A 


ren w 2 ^ren 


5x± Sx 2 

+ / ds <! e x p i K' J ' + | (x p x 2 + Xp) K' J - x p x u M' w ) e 


—XP 


( 2 . 22 ) 


(0) 


where we have abbreviated Xi = x(si). The local term also receives contributions from boundary 
terms of the bi-local term in (2.17) 1 The notation {.. ,}( 0 ) denotes the r°-coefficient of the term 
inside the brackets as in (2.10). Making use of (2.11) one easily shows that 


x-p ( : G_ RP _ ■ ■■ MP v \ e 


T- 


P v 


-XP 


= 0, 


(2.23) 


(0) 


and thus, by virtue of (2.19), we have 


S (1) U = \f\T‘ / d Sl ds 2 e( s , -sJSZMCM 


+ / d»S,‘f.rj (i^x 1 + x„) f°. 


8A rm 5A 


ren ^ 2 -*-ren 


8x± 8x 2 


(2.24) 


The vanishing of can thus be written as the invariance of the Maldacena-Wilson loop under 
the level-1 Yangian generator^] 

L 

Ja ] = f cb a J dsids 2 e(si - s 2 )$(x i) &( x 2) §x t 6x „ + 7^ J ds ££{x) (x p x 2 + x p ) . (2.25) 

0 

The bilocal part of this generator shows the typical structure of a level-one Yangian symmetry 
generator as it is known from 2d integrable field theories or scattering amplitudes, see e.g. 28 , [8]. 


1 More details of the derivation are provided in the discussion around (4.59). 

2 The second-derivative term appearing upon application of this generator to (2.1) is subleading and can be 
neglected for A 1. 
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In 29 it was shown that generators of this form satisfy the commutation relations of the Yangian 
algebra, 



f c A i) 

Jab ° c i 


(2.26) 


as well as the Serre relations, a generalized Jacobi-like identity. In appendix [Bj we show that 
also the local term obeys the above commutation relation. There is thus strong evidence that the 
generators J 1°^ and J satisfy the commutation relations of the Yangian algebra Y(so(2,4)). 

The level-1 generators Ja depend on the choice of a starting point along the curve C due to 
the path-ordering in the bi-local term. Consider a curve C parametrized by x : [0, L\ —> id 1,3 ). 
Instead of x(0) we could equally well choose a different starting point x(A) and obtain a different 
level-1 generator As our above line of arguing does not distinguish a specific starting point, 
both of these generators give symmetries of the Maldacena-Wilson loop in the limit of large A. 
One would then expect that the difference between the two generators also gives a symmetry. A 
simple calculation shows that it is given by 

Y - Y = /“„ (if Y - Yif) = ft [if. if 1 } = ft Yif ■ (2.27) 

Here, we defined 


Ja = / m 


Sx^(s) 


Note however, that acting with this generator on ( W{C )) leads to a term that is of order 
a/A (W(C')) and hence subleading in A compared to the action of the level-1 generators 


and Ja ' ^ • We have thus not shown that the difference (j2.2Th between two level-1 generators 


defined with respect to different starting points annihilates the Maldacena-Wilson loop for large 
A. Indeed, this seems to be rather unlikely. For so(2,4) we have f cb a f bc d — AYf with N a 
non-vanishing numerical constant, which can be extracted from computing the Killing form. In 
particular, since A is arbitrary, the functional derivative S/Sx^(s) at any point on the loop would 
have to annihilate the result, which can clearly not be the case. We thus see that the Yangian 
invariance of the Maldacena-Wilson loop which we showed for asymptotically large A cannot ex¬ 
tend in an expansion in l/\/A. This matches well with the finding that the Yangian over so (2,4) 
does not provide a symmetry of the Maldacena-Wilson loop at weak coupling 1201. For the 


super-Wilson loop the situation is different as the contraction f cb a f bc d vanishes over psu(2,2|4). 


2.2 A Coset Description of S 5 

We consider a minimal surface in S 5 and show that the area is invariant under 50(6) rotations of 
the sphere. This is quite a trivial exercise if one considers the sphere in embedding coordinates. 
We will, however, employ a coset construction based on 517(4) matrices to introduce coordinates 
on the sphere. This parametrization is also employed to describe the 5f/(4)-part of the supercoset 
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517(2,2|4)/ (50(4,1) x 50(5)) and the results of this section will be useful in our later discussion. 
The main purpose of this section is thus to familiarize ourselves with the coset description of 5 5 
in terms of 50(4) matrices. We note the following Z 2 decomposition of su(4): 


<m(4)< 0 > = spa n{y=| [ 7 \ 7 ‘] ,t“ 6 =j [t“ , 7 5 ] |a, 6 e {1,..., 4}} ~ S o(5), 
su(4)* 2 ’ = span { 7 “ 5 = | 7 “, 7 58 = —1 7 5 |a £ {!,... ,4}} . 


Here, the matrices { r y IJ = — 7 J/ ,/, J £ {!,..., 6 }} are constructed from the gamma matrices 


we choose the following coset representatives in 50(4): 


{ 7 1 ,..., 7 5 }, which satisfy the 50(5) Clifford algebra, see appendix [C] for details. Following 25 


u 


{<j>, z) = exp (|</> 7 5 ) (1 + z 2 ) 1/2 (h + J2 i *° 7 °) ■ 

7 0=1 ' 


(2.29) 


The Cartan form is given by 


a = —u l du = 


. (1 — z 2 ) d (j) 
1 2(1 + z 2 ) 


7 


d ^ a a _ Z a dz b r a b] _ Z a d(j) r „ 

1 + 0 3 7 2(1 + z 2 ) t 7 ’ 7 ] 2(1 + Z 2 ) t 7 ’ 7 ] 


Under the Z 2 grading of su(4) this decomposes into 


a(°) = 


z a dz b 


2(1 + z 2 ) 


b\l b ] 


z a d(j) 
2(1 + z 2 ) 


[ 7 “> 7 5 ] , 


,( 2 ) 


(1 - z 2 ) d(j) 5 . dz a 

2(1 + z 2 ) 1 1 + z 2 1 


The metric of the coset space is thus given by 

da 2 = <a< 2 >, a« 2 >> = + (Ixf!) 12 # 2 = AN- AN ' (2.30) 

Here, the group metric (5, c) = — tr (be) is inherited from the group metric given in appendix [Cj 
The coordinates ( (j),z l ) are relatecQto the embedding coordinates of the sphere by 

N a = , N 5 + iN 6 = e i4> . (2.31) 

I + 2: 2 1 + z z 

Consider now the following boundary conditions for the minimal surface in 5 5 : 

N ! (t = 0, s) = n 7 (s) =>• -/V 7 (t, s) = n J (s) + tN^(s) + ... . (2.32) 

The minimal surface minimizes the area functional 


A[N,h] = ^ J drdsf J (af \ af ^ . 

3 We require z 2 < 1 to get a one-to-one map between the coordinates. 


(2.33) 
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The Noether current of the coset model is given by jf' = uA^u 1 and may be computed to be 

jf = N 1 ( dtN J ) 7 /J . (2.34) 

The corresponding Noether charge is conserved and due to the possibility to contract the bound¬ 
ary curve to a point we have 

Q = J d sjf {0) = I dsn T N^ 7 /J = 0 . (2.35) 

In order to determine the coefficient TVU, consider a variation 5n : of the boundary curve. This 
induces a variation SN 1 of the parametrization of the minimal area. Using that the parametriz- 
ation of the minimal area satisfies the equations of motion, one only picks up a boundary term 
in computing the variation of the area and thence (we use conformal gauge) 


SA 


min 


/ 


ds N^Sn 1 . 


(2.36) 


Due to the use of embedding coordinates N 1 we have rJbn 1 = 0 and we conclude that 

x a . 

= —N[(s) + a(s)n I (s). 


hn / (s) 


The coefficient a(s) is determined from the condition n 1 NLs = 0 and we find 


(i) 


N [i)(s) = 


3A m \ n f j. . SA r 
+ n J (s) 


hn 7 (s) 


dn J (s) 


n / (s). 


Equation (2.35) thus encodes the SO(6) invariance of the minimal area, 


ds ( n J (s ) 


$A m ; 


mm „ J 


Sn J (s ) 


— rv (s) 


hd ■ 

u 

5n 7 (s) 


= 0 . 


(2.37) 


(2.38) 


3 The super Wilson Loop at strong Coupling 

In this section we describe the supersymmetric generalization of the strong coupling description 
of the Maldacena-Wilson loop which is given by replacing the renormalized minimal area in 
AdS$ by a minimal area in the supercoset space PSU(2 , 2|4)/ (50(4,1) x 50(5)), which we also 
renormalize appropriately. We thus describe the expectation value of the super Maldacena-Wilson 
loop at strong coupling by 


(W(O)) = e“*F 


a 

O.T- ^ren 


(CO 


(3.1) 


where the area functional A is based on the superstring action 123j, which we review in section 
The boundary conditions follow from the generalized Poincare coordinates introduced in 


3T} 

191, 


13 









which we discuss in section 3d? In section [4] we show explicitly that the divergence of the 
minimal area for these boundary conditions is proportional to the super-length of the curve, 


A m i r l(C’) 


£(C) 


y>£ 


+ Aen(C% C{C)= / ds|7T( S )|. 


(3.2) 


Here 7 T m = + i^Xcr^X — Xa^X) describes the supermomentum of a superparticle moving along 

the respective contour in the boundary superspace and we have regulated the minimal area by 


imposing a cut-off e in the coordinate y of AdS 5 26 . 


3.1 The Area Functional 


Following the review article 25 , we discuss those aspects of classical type IIB superstring theory 
in AdS$ x S 5 that will be needed in the remainder of this paper. The theory can be described 
by a sigma model type action with target space 

PSU{ 2,2|4) 

50(4,1) x SO(5) ' 

For a function g(r, s ) € 517(2, 2|4) of the world-sheet coordinates, the Cartan form Ai = —g~ l dig 
provides a flat connection, 


e ij (2<9j Aj — [Ai , Aj]) — 0, (3.3) 

taking values in the Lie superalgebra su(2, 2|4). This algebra may be endowed with a Z^grading: 

su(2, 2|4) = 0 (O) © fl (2) © fl (1) © 0 (3) , [ 0 (fc) , 0 W ] C 0 (fc+Omod4 . (3.4) 

Here, 0 ^ © 0 (2) is the bosonic subalgebra of su(2, 2|4) and 0 (1 ) © 0 ^ comprises the fermionic gen¬ 
erators. Based on the projection operators P^ : su(2, 2|4) —> onto these graded components, 

we introduce the short-hand notation 


B (k) = P {k) (B) , H (1)±(3) = H (1) ± B {3) . (3.5) 

More details on the Z 4 decomposition of su(2, 2|4) can be found in appendix [Cj There we also 
introduce a metric (-, •) on the algebra based on the supertrace in the fundamental representation. 
This metric is non-degenerate on psu(2, 2|4), which is obtained from su(2, 2|4) by projecting out 
the central element C. The area functionaQ can then be written as 

A= \ / drds {^ ( A i 2) ^ A ? ) ) + i Ke lJ (A- 15 ,^)} • ( 3 - 6 ) 


Here, R is a numerical constant, 7 ^ = ^/det(/iy) h^ is manifestly Weyl-invariant and we fix the 
convention e TS = 1. Note also, that we work with a Euclidean world-sheet metric - resulting in 


4 The area functional differs from the superstring action by a factor of which appears explicitly in (3.1) 
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the factor of i in front of the fermionic term - since the induced metric on the world-sheet is 
Euclidean for the boundary conditions we consider. The variations with respect to g and 7 give 
the equations of motiorj^] and the Virasoro constraints, 


0 = ft A< - [A,, A'] , {Af\Af)-\ lijl kl ( s Af,Af ) ) =0, 

A i = ^3 Af - f £eW4[ 1)_(3) . 

J £ J 


(3.7) 


The equations of motion may be split into purely bosonic or fermionic equations, which are given 
by 


di (7* m 5- 2) ) - 7 




A (0) , A? 


+ f 


^ 4 ( 1 )—(3) ^ ^(l)+(3)' 


7 


*? 


a (2) ^(l)+(3)' 


+ i k e 


v 


' a (2) ^(l)-(3) 


For k = ±1, the action (3.6) exhibits kappa symmetry and we will set k 
respective transformations are given by 

g i—>• g' ~ g ■ exp k , 5 K A = —dn + [A , k] + h ® 


= 0, (3.8) 

= 0, (3.9) 

1 from now on. The 

(3.10) 


The kappa symmetry transformations also include a variation of the world-sheet metric, which 
we do not specify as we will fix conformal gauge for the world-sheet metric. The transformations 
constitute a local gauge symmetry of the action provided that the supermatrix k = ftd)+(3) is 
given by 


= 

v± = 


A^_ 4*W + 4‘W A™ , 
P|U=l(7 ,J =tie‘ J )U 


K 


® = A 


( 2 ) 


£@),i + £0)^(2) 


*,+ ’ 


where 


(3.11) 


Here /C denotes an arbitrary fermionic one form taking values in su(2, 2|4) and /C- : h are its 
projections in the algebra. The string model is classically integrable |2| and a Lax connection 
can be parametrized 30 as 


Li = A . (0) + 


x 2 + 1 


A 


( 2 ) 


2lx + + 


A 


(3) 


x 2 -l" J ~ ' v^TT ■ 

Here, x G C denotes the spectral parameter. The flatness of the Lax connection, 

e i ‘(2d i L i -\L i ,L j ]) = 0, 


(3.12) 


(3.13) 


is equivalent to the equations of motion. We consider the gauge transformed Lax connection 


h = gLig 1 + (dig) g 1 = g (Li - A) g 1 

'x 2 + l 




y/x — 1 

Vx + 1 


- 1 ) o!f ] , (3.14) 


5 The equations of motion are written over psu(2,2|4). Over su(2,2|4) one would have di A* — [A*, A*] = pC. 
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where we defined = gA^g~ l . A tower of multi-local conserved charges can be extracted 
from expanding the monodromy matrix 31 associated to the gauge transformed Lax connection 
around x = oo. Concretely, in conformal gauge and for z = x _1 we have 

l s = 2fz J T + 2z 2 (a^ 2) + |a d)+(3) ) + 0( z 3 ). 

Here, Jj = gAjg ^ 1 is the Noether current corresponding to the global PS'f/(2,2|4) symmetry of 
the action (3.6). The expansion of T[z] = Pexp (/ dsZ s ) around z = 0 leads to the conserved 
charges 


Q (0) = (pdsJ T , 


(3.15) 

Q (i) = b / ds i ds 2£(si - S 2 ) [Jr(si), J T (s 2 )] - ds (4 2) + |a d)+(3) ) . (3.16) 

Here we have subtracted a term proportional to (Q ^) 2 from Q (v> in order to reach a more 
convenient form. Note that the local term of the charge Qd) takes a different form than in 
section 2.1 since the Noether current for the full superstring is not flat. 

These charges are conserved by construction, but it is still instructive to show their conserva¬ 
tion explicitly. The conservation of the Noether charge Q ^ follows easily from the conservation 
of the Noether current and the periodicity of the boundary curve. Moreover, since the curve is 
contractible on the minimal surface, it follows that 


Q (0) = 0, 

which is crucial for the conservation of Q (1 ) : 

d r Q w = [Q (0) , J S (L) + J s (0)] =0. 

Here, 0 and L are the end-points of the parametrization and we used that 
Sr (af + H I)+(3 ») = d, (a?) + pm+M) - 2 [J T , JJ . 


(3.17) 


(3.18) 


(3.19) 


which one may obtain from the expanding the flatness condition for l t around z = 0. Using once 
more that the curve can be contracted on the minimal surface, we find that 


Q (1) = 0. 


(3.20) 


This condition as well as the condition (3.17) allow to derive the local and non-local symmetries 
of the super Wilson loop. 


3.2 The Boundary Conditions 

In the case of the Maldacena-Wilson loop the minimal surface is required to end on the respective 
curve on the conformal boundary of AdS$. The notion of the conformal boundary is easiest to 
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picture in Poincare coordinates, where it is simply given bjjjthe Minkowski space at y — 0. The 
boundary conditions for the super Wilson loop follow from a generalization of Poincare coordin¬ 


ates to the coset superspace PSU(2, 2|4)/ (SO(A, 1) x 50(5)), which has been introduced in 19 


There are two important aspects that need to be considered in the construction of the conformal 
boundary of our superspace. The geometric relation between bulk and boundary space requires 
that the super-isometries of the bulk space should reduce to superconformal transformations on 
the conformal boundary space when taking the boundary limit. Moreover, we should impose 
the right number of boundary conditions on the bulk coordinates in order to determine a min¬ 
imal surface. For the bosonic coordinates, the equations of motion are second order differential 
equations and we impose a boundary condition for all bosonic coordinates. For the fermionic 
coordinates, the equations of motion are first order differential equations and we will thus only 
impose boundary conditions on half of the fermionic coordinates. 

Let us first consider the AdS§ part once more. As we have seen in section 2.1 the coset 
parametrization 


9 i(X,y) — e xp y D (3.21) 

provides Poincare coordinates on AdS 5 ~ 50(4,2)/50(4,1). In this case, we split the algebra 
so(4,2) according to 

so(4, 2) = (g (0) ~ so(4,1)) ® g (2) , 0 (O) = span {P y - M /jm } , g (2) = span {P+ 7T /X , D} . 

The boundary Minkowski space can be thought of as the coset space 50(4, 2 )/H, where H is the 
subgroup of 50(4,2) generated by the subalgebra f) = span {Ii^, M^, D}. The algebra so(4, 2) 
is hence split according to 


so(4,2) = span{/W, M, w , D} ® spanjP^} , 
and we parametrize the coset space by 


92(x) = e x - p . (3.22) 

An isometry or conformal transformation on the coset spaces is obtained from left-multiplication 
with a generic group element t = e l , 

t ■ 9 i(X, y) = gi(X', y') ■ h(X, y) , t ■ g 2 (x) = g 2 (x') ■ h(x ), 

where h = e h are compensating gauge transformations. Infinitesimally, we then have 


Sgi(X, y) = t ■ gi — gi ■ h(X, y) = d^ 8 t X ,J ' + d y g x S t y , 
5g 2 (x) = t ■ g 2 - g 2 ■ h(x) = d tl g 2 S t x ‘ l . 


(3.23) 


6 Since Poincare coordinates do not cover AdS^ completely, the topological properties of the conformal boundary 
cannot be inferred from this picture, but this is not our concern here. 
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Consider now for example a transformation parametrized by t — £ IJ K tl . One computes easily 
that the coordinates of the two coset spaces transform as 

Ss-kX» = X 2 e" - 2 (e ■ X) X» + y 2 , S e . K y = -2 y (e ■ X) , 

S e . K x» = x 2 — 2 {e ■ x) x^ 1 . 

We recognize that the transformations indeed agree in the boundary limit y —>• 0 if we identify 
the X coordinates. Before turning to the superspace, we reformulate the criterion, that the 
isometries of the bulk space reduce to conformal transformations on the boundary space, for a 
more general situation. 

Assume we have two cosets C\ = G/Hi and C 2 = G/H 2 with the same group G but different 
stability groups H 1 and H 2 . Correspondingly we have two decompositions of the Lie algebra 0 , 

0 = fh © fi, 0 = h ® f 2 • (3.25) 

Let the coset space C\ represent the bulk space and C 2 the boundary space. Then we have 
< dirn(// 2 ), but not necessarily that Hi is a subset of H 2 . Furthermore, we assume 
that the cosets can be parametrized by gi(x m ,y z ) G C\ and g 2 (x m ) G C 2 in such a way that they 
realize 


9 i{x, y) = gi{x) h 2 (x, y) , (3.26) 

where h 2 G H 2 . In particular, the Cartan forms for the two parametrizations are related by 

A 1 = —g^dgi = h 2 A 2 h 2 1 — h ^ 1 dh 2 . (3.27) 

Under the left action of some group element t — e l G G a coset representative transforms as 

g(Z) ^ g(Z') = tg(Z)h(Z ), 5g(Z) = tg(Z) - g{Z)h{Z). (3.28) 

This transformation can be related to the Cartan form, 

5Z m A m = -5Z M g(Z)- 1 d M g(Z) = -g(Z )- 1 (: tg(Z ) - g{Z)h{Z)) . (3.29) 

Splitting the left hand side of this formula into the coordinates on the first coset Z A1 = ( x m ,y l ) 
yields 

<5i Z M A l M = 5ix m h^A 2 m h 2 - 8 ix m h^d m h 2 - 8 1 y% 1 d i h 2 , (3.30) 

which can be resolved to 

5 lX m A 2 m = 5 1 Z M h 2 A\ 1 h ^ 1 + 8 ix m (d m h 2 ) hi 1 + S 1 y i {d t h 2 ) h 7 1 . (3.31) 

Plugging in (3.29) leads to 

<5i x m A 2 m = -h 2 gi 1 (tgi - gih x ) h 2 l + (d m h 2 ) h ^ 1 + 61 y l ( dih 2 ) h 7 1 

= -gz l tg 2 + h 2 hili 2 l + 8 ix m (d m h 2 ) h 2 l + Siy 1 ( dih 2 ) h ^ 1 ■ (3.32) 
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Evaluating (3.29) again for the second coset gives 


S 2 x m A? n = -g 2 1 tg 2 + h 2 

and we find the difference between the variations of the coordinates: 
A (5x m ) A 2 m = (5 lX m - 5 2 x m ) A 2 m 


(3.33) 


= h 2 h x h 2 - h 2 + 5 l x m (d m h 2 ) h 2 + <5i y l ( dih 2 ) h. 


,-i 


(3.34) 


The interesting part of the above equation is contained in the projection on the subalgebra f 2 : 

A (6x m ) A 2 n = A (8x m ) E 2 m a T a = h^h^ 1 (3.35) 


h 


h 


Here, T a denotes a basis of f 2 and E 2 m a are the vielbein components associated to A 2 , which 
form an invertible matrix. We thus conclude that 


A ( Sx m ) ^40 h 2 h x h~ 2 


-l 


y —*0 


» 0 . 


fa 


(3.36) 


To understand this formulation of the boundary criterion better, let us consider AdS 5 once more. 
The Cartan form for the bulk is given by 


41 1 = -ft = 


dX 11 

y 


p r ~— D . 

y 


(3.37) 


Thus evaluating (3.29) for t = e ■ K yields 


8 £ . k X m A 1 m = — (8 £ . k X" P, + S e . K y D) = -y~ u e- X F {e • K) e XF y v + h x 

y 

= ^ (A 2 s'* - 2 (e • X) A") P M — 2 (e • A) D - 2 £ ,l x v M llu + y e iL K iL + h x (3.38) 


We read off that 


h 1 = 2eWM flu -ye» (A /x - P„) 


(3.39) 


in order to cancel the contributions proportional to K fl and M^. Noting that in our case 
f 2 = span{P /t } we find 


h 2 h\h 


-1 


= y D (2 - ye> 1 (K, - P M )) y 


-D 


= y 2 ^P, 




(3.40) 


which vanishes for y —» 0 as it should be. 

We now turn to the discussion of the full supercoset P5P(2,2|4)/ (50(4,1) x 50(5)). The 
authors of [l9] suggest the following coset parametrization: 


g(X,N,y,6,0) 


= e x p e e x QA a +S A c, Q aa e ^A a s a A +^ A s A6l U(N) y D 


(3.41) 
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Here (. X , y ) and N are bosonic coordinates parametrizing the AdS§ and the S 5 part, respectively. 
The 32 fermionic degrees of freedom are parametrized by the Grassmann odd coordinates 9 , 9, 9 
and 9. The coset representative for the spherical coordinates is given in the same way as in (2.29) 
but written as a (4|4) supermatrix, 


U(N) = 


I 4 0 
0 u(N) 


(3.42) 


This specihc choice of coset parametrization is not at all arbitrary. A crucial aspect is that 
all exponents have definite weight and that they are ordered by these weights. Moreover, the 
^/-coordinate which vanishes on the conformal boundary is associated to the dilatation generator 
and is put to the right of the coset representative. We shall see below, why these are important 


aspects in the choice of the coset representative (3.41) 


3.2.1 The Cartan Form 


The Cartan form for the coset representative (3.41) has been partially derived in 19 , as this 


provides some insight into the geometry of the space, which is also helpful in the discussion of the 
conformal boundary space. Since we will need the complete Cartan form in order to determine 
the expansion of the minimal surface into the bulk space, we provide a full derivation. The 
calculation is lengthy but straightforward. Abbreviating 


n := 6a Qa 


+ 9aoi Q 


OiA 


rr.= $A a S a J 


+ d &A S 


Aol 


(3.43) 


we need to compute 

g~ x dg = y~ D U~ l (dX • P + e~ n de n ) e^Uy D + y~ D U~ l (e“W) U y D + U~ l dU + C ^-D . 

Noting that e~ n de n = dfl + i ( 9 a A d 9aq ~ d9 a A 9 ao) P aa everything that is left to do are conjug¬ 
ations. Most of them can be done via the formula 

OO 

e*Be- A = ^-[A,B] irt) , [A , B] {n) = [A, [A , ] , [A,B] m = B. 

71=0 

Here it is crucial that the exponents X ■ P, Q and rj have a definite non-zero weight. Since the 
weights are additive, 

[■ D,A}=A a A , [D,B]=A b B =* [D,[A,B]]=(A a + A b )[A,B] 

the expansion above breaks off after at most four orders, if the generator A has a de fini te non-zero 
weight. In order to do the conjugations with U(N), one can consider the supermatrices explicitly 
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using the definitions given in appendix [Cj e.g.: 


% 0 0 

u~ l {e a A Q A a )u= I 0 I 2 0 


0 0 u~ l 

M 0 2 0v> 


M 0 2 d N 
0 0 0 

,0 0 0 


% 0 0 N 
0 I 2 0 
0 0 u. 


= 0 0 0 ] = {e a B u B A )Q A a = (9u) a A Q A c 

\0 0 0 

Similarly, one finds: 

U - 1 {$« A S Ad )U={duY A S A6l , 

U- 1 (V A a S a A )U = (vT 1 #) A a S a A , 

The conjugations with y D follow from the weights of the generators, 

[D,T a ] =AT a =>■ y~ D T a y D = y~ A T A . 

These findings allow to do all of the conjugations and we arrive at the following result: 


(3.44) 


U-' (Sac, Q ) u = (n-'S) A . Q , 
U- 1 (k A B R A B )U = (u'ku) A B R a b 


(3.45) 


ryaa. 


A = -g^dg = ^P- 

2 y 


—D 


Vv 


(£ a A Qa* + £Aa Q 


~ A a B R A b 


A jMf,‘ 
y 


MM 


( X A a S a A + x" A Sao) + | K™ K aa - [/-Me/ (3.46) 


Here, we defined: 

r a6i = dX adl + 2 i ( d0 a A 0 A6l - 6 a A d0 A6l ) 

/- A _ ■ qaA 
So; L ' aa u 

c a A = (AS + C.) a B u(N) B A 

A/ = -i (2dfl-K),/V 

a = dy + 2y tr (tid'd + i3d0) 


= dX fl 


i tr (d 0a^0 — 0a^d0) 
(aa = -i ft A a r a a 
e Adi = u~\N) a b (d0 + () B ^ 

A * & = i& A Yd0 + () A . 

7 = tr (2dd + C) - (2dd + ()d), 


(3.47) 


The remaining terms are given by: 

A a b = [u- 1 (d (d0 + |C) - (dd + K‘) Ya B 

Xa° = [I ." 1 [(4d (dd + K) - 2 (dd + Y) #) # + d^]] A “ 

x“ A = + # (4 (dd + K) ^ i de + K))l u Y A 

K aa = ^_g • [( d d + ££) 9 ~ & (dd + \()] V - 2i (dd 0 - dtf)] ' 


(3.48) 


In the above expression the coordinates are viewed as matrices of different size and the relation 
between matrix multiplication and the contraction of indices can be understood from the fixed 
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index positions, see also appendix [Aj For our further calculations we note the ^-decomposition 
of A = —g~ 1 dg: 

A ( 0 ) = r a a -y 2 Kaa (paa _ _ x j, M- \\ M ^ - (A a b R a b + U~ l dU ) (0) (3.49) 

t/ 

2 

A (2) = ra& + y Ka « (P“« + K da ) --D-'yC - (A a B R A b + U^dU)^ (3.50) 

4 y y 

-4 { i )+(3) = ~-^= [e a A Qa 01 + s A a Q aA + y ( xa° S a A + S A& )^ (3.51) 

dl (1) - (3) = ~ (e a A K ab S aB - e A „ K ab S\ + y [xa° K ab Q Boi - x A “ K AB Q B & ) ) (3.52) 

The matrix K = (K ab \ = (K ab ) appears explicitly in the Z 4 decomposition introduced in 

appendix [C] and is given by 


K 


/0 -1 0 0 \ 
10 0 0 
0 0 0 -1 
\0 0 1 0 / 


(3.53) 


3.2.2 The Conformal Boundary 

We now turn to the conformal boundary space, which is given by the supercoset PSU( 2, 2|4 )/H 2 , 
where H 2 is the subgroup generated by the subalgebra 

f) 2 = span {M, 1V , D, S a A , S'Ad} 0 so(5) (3.54) 

A suitable coset representative (l9| is given by 

g 2 (x,9,N) = e x ' p e daAQAa+ ° A « QaA U(N ). (3.55) 


The boundary superspace has only half as many fermionic degrees of freedom as the bulk space, 
which is due to the fermionic part of the superstring equations of motion being first order dif¬ 
ferential equations. In section [4], we will see explicitly that the respective boundary conditions 
determine the minimal surface in the bulk space. 


We now apply the criterion (|3.36|) to show that the bulk isometries reduce to superconformal 

The relation between the 


transformations on the boundary space. The discussion follows 19 


coset representatives of bulk and boundary space is given by g = g 2 h 2 , where 


h 2 = U(N)~ 1 e 


-1 a ti A a S a A +ti° 


1 SAa f/(W) y D = e^“ s a A +($u) aA Sao. y 


D 


(3.56) 


Consider now an isometry of the bulk space parametrized by t e psu(2,2|4). The coset repres- 

5 ( [3728] ), 

hi , hi G l)i = (spanjM^, P \ - K,,} ~ so (4,1)) 0 so(5), (3.57) 


entative transforms according to (3.28), 

^Sg = 9~ l tg 


9 
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and we want to show that h 2 hih 2 1 
compute h\. Rather, decompose h\ as 


-G 0. For this purpose it is not necessary to actually 


h\ = hi 


1)2 


+ h\ 


h‘2 h\ h 


-i 


fa 


= ho h\ h. 


-i 


1 °2 


(3.58) 


In our case, this means that we only need to find the //-dependence of h^, 

K = y“c»P, => h 2 h[ h, 1 = O (y“ +1 ) . (3.59) 

It is thus sufficient to show that for hi = y u & (P /t — K^) + ... we have u — 1. In order to see 
this, we note that 

g = g+ g- , g + = e x p e e " A ^ , g. _ = S « A+ ^ A P(Y) y ° , ( 3 .60) 

where g + only contains generators with positive weights, while </_ only contains generators with 
weights < 0. The group elements g + can be considered as a set of coset representatives for a 
superspace obtained by factoring out the subgroup H + with Lie algebra 

f) + = span {M^, D, S a A , ® su(4). (3.61) 

In particular, f) + only contains generators of weights < 0. The Cartan form for this coset 


representative can be obtained from (3.46) by setting = 0, N constant and y = 1. Let us first 
consider the transformation g^tg + = g+ 5g + + h +1 where h + G f)+. We thus have: 

-5Z m A m = g^ 1 5g = gZ 1 {g+ 1 8g+ + h+) g _ - hi (3.62) 

In the above formula hi compensates for those terms of gZ 1 (g+ 1 5g+ + h. + ) which may not be 
put into the form 5Z M Am- In particular, there is no need to compensate a term proportional to 
P, as these terms are the same in g 1 5g and g__ l (g^Sg^ g-, which may be seen easily from our 
calculation of the Cartan form in section [3. 2. 1| It is thus clear that the term in hi proportional 
to (P M — K t j) compensates for a term in gZ 1 (g+ 1 5g + + h_A g_, which is proportional to K /t . This 
term, however, is of order 0(y ), since K tl has weight —1 and we are doing the conjugation with 
y D last. We thus see that h\ — yd 1 (P M — ih /t ) + . .., as we have claimed above. 

This shows that the space parametrized by (3.55) may indeed be viewed as the supercon- 


formal boundary of the space PSU(2 , 2|4)/ (S'0(4,1) x SO(5)). Correspondingly, we impose the 
following set of boundary conditions on the minimal surface that describes the super Wilson loop 
at strong coupling: 

X u (r = 0, s) = x^(s) 2/(0, s) = 0 N J (0, s) = n J (s) 


0 a A (O,s) = A 0 a (s ) 


@Ad( 0) "S) / ^ J 4(i('S) 


(3.63) 


4 Symmetries of the Super Wilson Loop 

In this section we derive the superconformal and level-1 Yangian symmetries of the super Wilson 
loop at strong coupling. Just like in section |2.1 this can be achieved by evaluating the conserved 
charges derived from the classical integrability of the string model. On the way, we determine 
how the minimal surface behaves close to the conformal boundary of the superspace. 
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4.1 The Bulk Expansion 


We determine the coordinates of the minimal surface in an expansion away from the conformal 
boundary y — 0. As for the bosonic case discussed in section |2.1| the first few coefficients in 


the r-expansion can be given in terms of the boundary curve and variational derivatives of the 
minimal area by iteratively solving the equations of motion and the Virasoro constraints as well as 
computing the variation of the renormalized minimal area A ren under a variation of the boundary 
curve. 

The superstring equations of motion only have a unique solution if one fixes a kappa symmetry 
gauge. This is often done by setting half of the coordinates of the coset representative to zero. 
In our case it is however more efficient to set half of the coefficients of the fermionic part of 
A = — g~ 1 dg to zero. Working to linear order in Grafimann variables, the Cartan form transforms 
as follows under a kappa symmetry transformation 


A i—>■ A' = A — dK + [A , k] + h ® . 


(4.1) 


Here, the kappa symmetry parameter k is given by (3.11), 


K 


« = A?l K* 11 ' 1 + rf*' A?l 


K 


(3) = a ?1 /cL 3),i + /ci 3),i a (2) 




where 


Vl = P'iV, = i( 7 «± S£ «)l/j 


We use the kappa symmetry invariance to fix the following gauge on the parameters of the Cartan 
form A: 


£ 2 = £ 4 = 0 
c a c a u i 


£2d = £4d = 0, Xi a = X3 a = 0 , 
Written in terms of a (414) supermatrix, this reads as 


.r" - f' ,:j - 1 ). 


(4.2) 


^(l)+(3) = 


0 

0 

0 

0 

• 

0 

• 

0 

0 

0 

0 

0 

• 

0 

• 

0 

0 

0 

0 

0 

0 

• 

0 

• 

0 

0 

0 

0 

0 

• 

0 

• 

0 

0 

• 

• 

0 

0 

0 

0 

• 

• 

0 

0 

0 

0 

0 

0 

0 

0 

• 

• 

0 

0 

0 

0 

• 

• 

0 

0 

0 

0 

0 

0 


(4.3) 


V 

In appendix [E], we discuss the possibility of fixing this kappa symmetry gauge for the simplified 
situation of a straight-line boundary curve to linear order in Grafimann variables. While it is 


possible to fix (4.2), we find that the fermionic coefficients, which are not set zero, no longer obey 
the reality constraint ( e a A )* = This is related to working with a Wick rotated superstring 
action, which implies the appearance of a factor i in the kappa symmetry variations. This subtlety 
does, however, not affect our further calculation, for which the reality constraint is irrelevant. 
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4.1.1 Equations of Motion 


We now consider the equations of motion (3.8), (3.9) order by order in r. From the leading order 
0{t ~ 2 ) in the bosonic equation (3.8) one finds that 


{(dry) r TM ( p M + K») + (( d T yf - r 2 T - r 2 ) D) = 0 , 


(o) 

^<(0) = °> (2/(i)) 2 = ( r s(0)Y 

We identify the leading term of r s with the supermomentum 

7r M = r^ (0) = + i tr (AcdW - Xa^X) 


(4.4) 

(4.5) 

(4.6) 


of a superparticlc moving along the boundary curve. As y should be positive and the boundary 
curve space-like we note that y (q = Vn 2 = |vr|. We now restrict the parametrization of the curve 
to satisfy 


17TI = 1 =^7T-7r = 0 7l -|- 7T • 7T — 0 . 


(4.7) 


This is the super analogue of the arc-length condition we employed in section 2T and it completely 
fixes the residual reparametrization invariance in conformal gauge. Considering the fermionic 


equations (3.9) at leading order in r leads to the following set of equations: 

A 


(0) Ad T i £4 (0) 


(0)ct T act £t (0) B A 0 
” B ir„ 4 /i' S 4 = 0 
i e» (o)a 4 + e, (o)“ B K BA = 0 

in m e,(o)a A + e, m B a K BA = 0 


(4.8) 

(4.9) 

(4.10) 

(4.11) 


The equations (4.8) and (4.9) as well as (4.10) and (4.11) are equivalent to each other as one 
would expect as they stem from the coefficients of Q and Q or S and S in (3.9). Moreover, the 
real and imaginary parts of these equations are equivalent. Insert for example (4.8) into ( |4.9 ): 

=> £r (0) Aa = K 2 £ T (0) 7A" 7T a d K CB K B A = K 2 £ T (0) ia (4.12) 

Here, we have left the parameter k open for a moment in order to show that the equations are 
less constraining for k 2 = 1 when one has kappa, symmetry. Consider now equation (4.8). Due to 
our kappa symmetry gauge (4.2) either £ T (o)a A or £ t (o)b 
of A. Proceeding in the same way for equation (4.10) we conclude that 

£ r (0) — £ s(0) = 0 , 


A ~ a j{ BA are vanishing for any given value 


(0) 


= £ 


Ho) 


= 0. 


(4.13) 


Note in particular that we do not employ reality conditions such as £Ad — ( £ « A )* as they become 
problematic for the Wick rotated superstring action. Given that r T ( 0 ) = 0 and hence £ T (o) = 0, 
we conclude that 


0(i) = 0 , 0(i) = 0 , 


X(i) = 0. 


(4.14) 
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_aa \ A 

'Q! 


(4.15) 


Setting e s (o) = 0 = e s (o) enforces that 

0(0)/ = i A Ad , 0(O)“ A = -i 7T aa X c 

It is thus indeed inconsistent to specify boundary conditions for the i? variables. 

We now turn to the next-to leading order in the bosonic equation (3.8). Due to our hirelings 
above, we have >l( 1 ) ± ( 3 ) = (7(t 1//2 ) and we can hence neglect the fermionic contributions also at 
the next-to leading order. Moreover we note the following identities for the coefficients of the 
Cartan form: 


a, = d t y + 0(t 2 ), A r = 0(r ), A sa “ - = 0(r) 


Evaluating (3.8) then leads to the following equations: 

0 = ((<%) (djy) - y didjy - n ■ rj) {1) , 

o = ( 2 d(y Tj aa—ydi Tj aa + 2 iy \ Jvj - 2 iy rj a p Xf & 


(i) 


P \ - 

'i a 


= 0(r 2 


(4.16) 

(4.17) 

(4.18) 

(4.19) 


Making use of (4.14) and (4.15) we fold that 

r 2 T = 0(t 2 ) , r 2 = 7T 2 + 0(r 2 ) , ^ ( 2 iy X ic fr jP& - 2iyr ja ^ \ 

We can thus conclude that 

2 /( 2 ) = 0 , r r ( 1 ) = =► x ( 2 ) = ^ + i tr ( 0 ( 2 )^x - A<x M 6> (2 )) ■ (4.20) 

Last, we consider the next-to leading order in the fermionic equation ( |3.9[ ). We fold the following 
conditions, this time leaving out equivalent conditions: 

Adi ■ ^diOi _ A (— 6l • _.diOL \ ryBA rv (a 01 A 

Z 7T £<?(1'lrv \£-s(1)B Z7T Xr (0 )Bot) 0? (4«21j 


Xr (0) 


-s(l)c 


£t(1)A6i ^ Xs (0 )A ^aa (Xs(0)d ® (1) X BA 0. 


(4.22) 


Due to our kappa symmetry gauge (4.2), we can decompose these equations into the conditions 

Aa 


Xt(0)'*~ + K AB £ s{1 )B a = 0, 

B 


£ S (1)/ + K AB Xr (O)Bct = 0 , 
aB 


(1 )Aol KaB Xs (0)q; 0 ? Xs (0) A “1“ -^AB (1) 0 • 

The latter conditions allow to solve for 9(2) and 9(2): 

9(2)a A = -7Tad ^ Xp A + K’ AB ^4 (AttA ) b ° - % 5% <9 S ) (vT^ X C ?) 
9(2) Ad = - A A/ 3 7 TT a& - K’ ab ^4 (A C 7tA B ) + l $ B <9 S ) (X pc TTffa) 
Here, the matrices K tAB and K' AB are given by 


(4.23) 

(4.24) 


(4.25) 


K' ab = u a C u b d Kcd = (' uKu t ) 


AB ’ 


k' ab = 


/ t \ AB 

({u- 1 ) Ku ~ l J (4.26) 
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Due to equations (2.29) and (|C.5[), this can be rewritten as 


K' ab = (N 5 1 + N 6 7 5 + iN a Y) a ° K cb , K' AB = K ac (N 5 I - N V - iN a 'y a ) c B . (4.27) 


From equation (4.23) we find the following condition for •d^y. 

(!) Aa = i K' ab 7T ad 0(1)*® , Jl /AB 0 (1 ) . 


(4.28) 


The results of solving the fermionic equations of motion at next-to leading order may conveniently 
be written in the form 


4 1 )"® = -i + 0(t 3 / 2 ) , 4 1 >"( 3 ) = i + 0(t 3 ' 2 ) . 

4.1.2 Virasoro constraints 

We now turn to the Virasoro constraint 

<4 2) ,4 2) >-<4 2) ,4 2) > = o. 


(4.29) 


(4.30) 


Recall that A^ is given by (3.50) 


V = (p + K „) (K iA B R A B + U^d.uf' 

2 y y 


From section [2721 we know that 

(p (2) (p-^p), p ( 2) (p-^-p)) = d^djN 1 . 

Noting that A r = O(r) one finds quickly: 

<4 2 >, A?>) = 1 (r? + «r?) + A?„ + O(r). 

The other term is more involved since A s ( 0 ) does not vanish, 

A^ 5 = i{u~ l \Tr \u) a b + 0(t) =: i(u~ l Y, s u) A B + 0(r) 


(4.31) 


(4.32) 


Making use of the trace identities given in appendix [C] and the results obtained in section T2 
we find: 


(A sA b R a b A sC d , pW (bP d ) ) = A sA b A sC d (4 K db K ac - 4fig fig + 2fig fig) 
= -4 K' ac K' db (A Ti A) B (A tt A) c d + 4 tr (A vrAA ttA) - 2 tr (A ttA) 2 
= —4 tr [R' E s K'T^ ) + 4 tr (A 7 tAA 7tA) — 2 tr (A 7 tA) 2 , 

(A sA b R a b , P( 2 ) (P-^P)) = 4A sA b (A$) b A = -4r»¥ tr (A 7 7J A7 t) . 


(4.33) 
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Thus we find 


< 4 2) , 4 2) > 


-| + 2 7r • n s (o) + n 2 + 4 tr (A 7tAA 7tA) — 2 tr (A 7rA) 2 
- 4tr (/?' E s A'Ej) - M n I n J tr (Ay^Xvr) + 0{r ). 


(4.34) 


Due to the results obtained in the last section, we can express everything in terms of the boundary 
data, 


r 2 = 1 - t 2 ^ 7 r 2 - 2i tr (0( 2 )7tA - A7t6>( 2 ))^ + C>(t 3 ) , r 2 = r 2 7r 2 + 0[r 3 ) , 
cr 2 = 1 + r 2 ^2j/ (3) - 4i tr (# ( 2 ) 7 rA - X7t6» (2) )) + 0(r 3 ), 

7 r • k s (o) =6 tr (A ttAA 7 tA) — i tr (AttA — A 7 tA) + O(r). 


Inserting these results into (4.30) allows to solve for y^ 3 y. 

2 /( 3 ) = —7r 2 + 3z tr (0( 2 )7 tA — A7t 6 | ( 2 )) + 8 tr (A 7 tAA 7tA) — i tr (AzrA — AzrA) 

— tr (A 7tA) 2 — 2 tr (K' T, s K'TjJ) — 2 i n I n J tr (Ay /J A 7r) + \ (h 2 — N ^ 


(4.35) 


(4.36) 


4.1.3 Variational Derivatives of the Minimal Area 


The solutions of the first few orders of the equations of motion allow to extract the divergence 
of the minimal area. Similarly to the bosonic situation one finds: 

A min (C)y>e = + (finite), C{C ) = J ds |7r(s)| . (4.37) 

We can thus define a finite functional by 

Aen(C') = Inn |A min (C%> £ - | . (4.38) 

From the equations of motion we have fixed the expansion of the coordinates X and 9 until 
second order in the variable r. As it is the case for the minimal surface in AdS 5 , the third-order 
coefficients are not fixed by the equations of motion but can be related to variational derivatives 
of the minimal surface. Consider therefore the variation of A m i n (C%> £ . Since the parametrization 
of the minimal area satisfies the equations of motion, the variation only contains boundary terms, 


b c 

SA min (C) y > e = - J ds J dr {d T (g^Sg, A r ) + d s (, g~ l 5g , A s )} , (4.39) 

a r 0 (s) 


with A* given by (3.7). The boundary To(s) of the integration domain is defined by demanding 
y( T o(s),s) = e. Since the expression g~ 2 5g does not contain any derivatives which may be 






restricted by choosing a special parametrization, we can safely demand that the parametrization 
satisfy | 7 r| = 1. Moreover, due to the kappa symmetry invariance of the action, we can restrict 
ourselves to the kappa symmetry gauge (|4.2). This allows to apply the results of section 4.1.1 


in particular we have r 0 (s) = e + 0(e 3 ). Thus, using the periodicity of the parametrization in s, 
we find that 


8A min (C)y>e= / ds {(g 1 5g , A r ) (roO), s)} + O (e). 


(4.40) 


To compute the above result explicitly, we use the expression (3.46) for g 1 5g and in particular 
that 


5X(t, s) = 8x(s) + 0(t 2 ) , 59(t, s) = 5\(s) + 0 (t 2 ) , (4-41) 

since the first-order coefficients of X, 9,9 vanish identically. Applying the trace-identities given 
in appendix [Cj we find 

8A min (C) y > £ = - + (finite), (4.42) 


and the hnite term may be computed as: 


5A ren (C) = J ds {5 Xll + SX a A (4U a ~ i Aud b* a ) + <5A^ (4^ A - i b Aa A„) - bn 1 Nfa} 
o 

(4.43) 

Here, we defined 

v 1 = -\K(2) - < ( o) + 2itI ((0(o)0(i) -0(i)0(o) + 2n ' N m ^(o)7 W tf{o))ff") , 

U a = 0 ( 1 )*“ + n'Nfo {Y J <V i0) ) A “, e A = -0$ + n'Nfa (0(„)7 ,J ffi . 

We read off the functional derivatives of the regulated minimal area from (|4.43[): 


6 ^ = 


N W = 


5A ri 


5xfj(s) ’ 
5A ren 

5u 7 (s) 


^“ = 4 


+ ( n J (s) 


SAv , 


8n J (s) 


n\s ), 


paA _ 

? “ 4 


^•Aren ■ T da ^-^ren 

sx a A (s) + ** s XlM (s) 

4bl r eri . da \ A ^“4-ren 

-+ur“ A a - 


8X\d (s) 


Sxn( s ) 


(4.44) 

(4.45) 


(4.46) 


The relation between the variational derivatives of the minimal area and the coordinates X^,9{3) 
and 'd(i) takes a much more complicated form than for the minimal surface in AdS 5 . The 
important point for us is however to identify the above coefficients in the Noether current J*, 
which we do in the next section. 
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4.2 The Conserved Charges 

4.2.1 Local Charges 

In this section we derive the superconformal Ward identities for the super Wilson loop at strong 
coupling from the condition 


Q (0) = J ds J T = 0 , 


(4.47) 


which follows from the fact that the curve can be contracted to a point on the minimal surface. 
Due to current conservation, d T J T + d s J s = 0, we liavfQ 

Js = Js (—2) t 2 + J s ( o) + C(r), J T = (d s J s (- 2 )) r 1 + J T (o) — (d s J s ( o)) t + 0{r 2 ) . (4.48) 

We are only interested in the r°-component J T (o)j which is given by 

j t{ o) = {gA T g^} {0) = {g (a 2 t -14 1)_(3) ) s _1 } (0) = {g { A l + Ht 1)+(3) ) s _1 } (l0) • ( 4 - 49 ) 


In the last step, we applied (4.29) and noted that the 0(t 3 ^ 2 )-term appearing there does not 


contribute to the r°-order since the conjugation with g lowers the order of a fermionic term at 
most by yjy. Doing all the conjugations similarly to the way explained in section 3.2.1, we arrive 
at the following result: 


Jr{ o) = { 4 e x ' p+n (A) A S a A + “f S A6 )) e 

, x ' p+n K tl - U a S a A + S A * + n 1 N(i) T /J ) e 


-x-p-n 


-x-p-n 


(o) 


( 0 ) 


(4.50) 


The first term vanishes since X — x + 0{r 2 ) and 9 — A + 0(r 2 ) and it remains to compute 

J T (0) = e ^+(AQ+A0) (1^ K tl - U a S a A + C A S AA + n J N( x) T IJ ) e ~^ p -( x Q+~ x Q) . ( 4 . 51 ) 


The coefficients b, £ and AW defined in (4.44) and (4.45) are exactly those that were identified 


with variational derivatives in the last section. We can thus write the resulting expression as 

Jr{ 0 )(s) = ja(s) (Aen) T a (4.52) 

Here, T a span the dual basis to the generators T a defined in appendix 0 ( T a , T b ) = 51 and 
j a (s) (Aen) denotes the action of variational derivative operators on the minimal area Aen- We 
can read off the action of these operators from the equation 


Ja('S) (-4ren) ^</ T (o)(<s), T a ^ 


(4.53) 


7 Note that the order of Ji = gXg 1 can at most be d(r 2 ). We use the following notation for the coefficients 
of the Laurent series: F = F(_ 2 )T -2 + + F( 0 ) + XAi P(n) n ~ lT ~ n - 
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We provide the operator densities j a (s) explicitly in appendix |D.1| They satisfy the commutation 
relations 


[jaO), Jb(s')} = f ab c j c {s) 8{s - s'). (4.54) 

The structure constants f ab c of these generators are related to the structure constants f ab c of the 
generators T a by 

L c = - (-l) l “ 1 "’ 1 U = /*■ (4.55) 

The vanishing of the level-0 charge may be rewritten as the invariance of the super Wilson 
loop under the level-0 Yangian generators 

J(°) = I d S j a (s). (4.56) 


4.2.2 Multi-local Charges 

In this section we derive higher-level Ward identities from the vanishing of the multi-local charge 
<2 (1) = 0. Once more, the interesting part of this equation is contained in the r°-component of 
Qjd\ for which we recall the expression 

Q (i) = \ J dsids 2 e(si - s 2 ) [J T (si), J r {s 2 )\ ~ j> ds (a^ 2) + |^ 1)+(3) ) . (4.57) 

Note that in the above expression, local contributions can also come from the first term due to 
the appearance of total derivatives in J T . It is worthwhile to separate the local and bi-local terms 
before starting the calculation. This may be achieved by inserting 

Jt — {d s J s (- 2 )) t 1 + J T ( o) — {9 s Js(o)) T + 0( T<2 ) i (4.58) 


which follows easily from current conservation. We find that 
1 


(i) 


= - / dsids 2 e(si - S 2 ) pr(0)(«l) , Jt(0)(s 2 ) 


Q 

T u 

- j> ds|fi-(^ 2) + |Ad )+(3) - t 2 [A s , d s As ~ [As , A s ] j)# -1 
where J s = gAgg -1 and A s = A^ 1 + 


( 0 ) 


(4.59) 


2 . ~r according to section 

for J T (o) we may easily compute the non-local term to be 


3.1 


Using the results obtained 


Q 


(i) 

non-local 


1 

2 
1 
2 
1 
2 


J dsids 2 e(si - s 2 ) 


Jt{ 0)('Sl); Jt(0)(s 2 ) 


f bc a J dsids 2 e(si ■— S 2 ) jb(si) jc(s 2 ) T“ 
f cb a J dsids 2 e(si — s 2 ) j b {s\) j c {s 2 ) T a . 


(4.60) 
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To perform the last step we used that 


rbc r'iba syce r 

/ a — Lr Lx J de ^ga 


G ga = (- 1 ) 


| 6 |+|c| + |a| sybd s'ice 


sybd syce r 
^ ^ Jed ^ga 


G ga = (-1) 


| 6 | + |c| + |a| rcb _ £cb 

J a J a J 


since (\b\ + |c| + |a|) G {0, 2 } for non-vanishing f cb a due to the Z 2 grading of the Lie super algebra, 
ft is interesting to note that for the bi-local part of Q 1 - 1 ) to lead to the bi-local structure of a 
level-1 Yangian generator, we need exactly the relation (4.55) between the structure constants of 
the differential operators and supermatrix generators. 

We now turn to the computation of the local term 


nW = 

^local 


ds{c/(^ 2) + ^ 1)+(3) - t 2 [A s , d s A s - [A s , A s ] 1 


(o) 


(4.61) 


While we have pulled out the conjugations with g in order to make use of the cancellations 
between the two terms, it turns out to be convenient to already discuss the conjugations with 
Uy D when considering these terms individually, in particular because after the conjugation with 
y D the orders in r will not g et lowered and we may already discard terms that are of order 
0(t). In the expression (3.50) for A^ 2 \ the projections are left implicit for the R-symmetry part. 
Making use of the explicit form of these projections given in appendix [Cj we note that 

A sA B P {2) ( R A b ) = 1 (A sA B ~ K bc A sC d K D a ) R A b 

and we fmc@ 


(4.62) 


Uy D (A® + y- D U~ l 


y Ks 


4 y 2 


(iW“ + y 2 P &a ) + \ p A B R J 


B 


~ 1 ((«Xs) a ° S » A + ( XsU x )“' 4 S A a ) + 0 {t). 

Here, the coefficient of the R-symmetry part is given by 

Pa B = n I n J (l IJ ) a B - i(A 7 rA) A s + iK' BC (Xn\) c °K' DA + \5 A tr (At A) . 
We now consider the commutator term in (4.61) and compute 

(*) := [Uy D (r 2 A fl ) y~ D U~ x , Uy D (d s A s - [A, , AJ) y~ D U~ l ] . 


(4.63) 


(4.64) 


(4.65) 


In this expression we may replace A s = A^ | A = A i 2) + |Ai 1)+< ' 3 ^ + O (r 3 / 2 ) as the 
unwanted terms are at least of order r. Consider then the term on the left-hand side. As we 
shall see shortly, the right-hand side of the commutator is of order 0(t~ 2 ) and we can hence 
neglect all terms that are of order 0(r 3 ) in the computation of the expression on the left-hand 
side. This leads to finding 

_2 


| ( 2 ) 


Uy D (t 2 A s ) y- D U~ x = ^ (r sa6l + y 2 r, saa ) (K aa + y 2 P« a ) + £ p A B R 


B 


T 

2 


Tp ((' u Xs) A as <* A + {.XsU 1 )"' 4 S A6l ) + (negligible) . 


(4.66) 


8 The calculation is performed over psu(2,2|4). If we were doing it over su(2,2|4), there would be a term 
proportional to C. Note however, that this term would not be conserved. 
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Note in particular that only the term proportional to K aa is of order O(r 0 ), while all other terms 
are of order 0(r 2 ). We need thus only compute the right-hand side of the above commutator 
up to 0(t~ 2 ) for the generators that commute with K and to O(t 0 ) for those that don’t. With 
these simplifications we have 

Uy D (d s A s - [A a , A s ]) y~ D U - 1 = (W“ Q + r 2 P““) - ^D + (negligible) . (4.67) 

Combining these results we find 

2 2 

(*) = ( r *** + ( K - y 2p *“) + 

+ I ((uXs)a aS a A + (XsU- 1 )^ *^4d) + °( T ) • ( 4 - 68 ) 

Accordingly, we have 


Uy D (A< 2 > + 14 1)+(3) - r 2 [A,. 8, A, - [A s , AJ ]) y- D U~' = 

- 1/2 _ /t- 2^.2 

^ ' S CKQ D I 1 _ B J^A I _//•!/ 7\/f 

-*ad + 4 Pa £ + 7T 7T M / 


7 / 2 J- t- 2,v>2 

y s (r“° + p V° 


) Kaa + 


4y 4 v * 5 > ““ 4p 2 

+ | ((u Xs ) 4 q A/ + (x^- 1 )*^) + O(r) 




= ^ + i ( r A2) + 2 <(0) + (” ' r A2) - 22/(3)) 7r““) AAa + 1 Pa B R A b + 

+ (| A7TAA7T - | 9s(A7t)) a q + (| 7tAA7tA + | <9 s (7rA)) aA S’ao + 0(t) . (4.69) 


Rather conveniently, the terms proportional to P Q q, have cancelled out, which simplifies the 
computation of the conjugations with e v . We find that 


KUy D (Af + |A«+( 3 ) - r 2 [A s , d s A s ~ [A,, A s ] ]) y- D U~ l e= 

= K „ + - lN^ + \KK, - \f A a S a A + \r A S A a + \ p A B R A 


B 


(4.70) 


Here, the coefficients l,f and / are given by (cf. equations (4.64), (4.35) and (4.25)) 

W ■ r s ( 2 ) - 22/( 3 ) - A^ 2 )) vr M + 4itr ('d(o)P'd(o) + 3itr (xX^a^n - 7rd- M 7r)) 


P = 


_ 


«( 2 ) 


= -7p - (A 2 - n 2 ) 7p + (^27r • K s ( 0 ) - 4* tr ((P( 2 )A - A0( 2 ) + ApA)7r)J 7p 

— 4itr (ApAcP) + 37 tr (AA(7td M 7r — 7Rx M 7r)) , 

/a" = [ — 6 A7tAA7t + 2i A n + 4i A ir + 4i pA7r] A " , 
f aA = [6 nXXnX + 2inX + 4 i nX — 4i nXp\ ‘ 


] a A 


The reader will notice that in (4.70) we have written out terms proportional to K fl that we could 
have absorbed into the definition of P. For the term involving AT^, note that this is the only 
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term appearing that involves derivatives of the minimal area, see equation (4.46). We have thus 
found the following expression for the local part of Qy>\ 

Q\!L = - [ds e xP + x Q+XQ (±p K _ lf A -S a A + \r A S A6i + \ pa B R A b ) e- x P ~ xQ ~~ xQ 


\ 2 M 4 •> A ^ a 1 4- 

+ f dse x P+XQ+ ~ xQ (^N^K^e- x P ~ XQ -~ xQ 


ds <| e x ' p + e Q+ s QI - !L. K u + 7T VM uu )e- x - p - eQ ~ eQ 


^2 M 


fllP 


} 


( 0 ) 


= : / dsj( 1 } (s)f a - / dse x ' p+AQ+ ^( - 


(4.71) 


The term in the third line evaluated to zero in the bosonic calculation, see (2.23). Here we define 
the densities ja', 


jd ] 'f a = ! e x p + e Q+ s Q ^ ^ K tj + tt ^ tt u M^)e~ x ' p - eQ - SQ \ 


/ (o) ’ 


(4.72) 


which we provide in appendix D.2 The term in the first line resembles the expression found for 
the level-zero generator in equation ( ]4.51[ ), 

Jr ( 0 ) = e x - p+XQ+xQ (l d>‘ K, - 1 (d A a + i Xa a d Aa ) S a A 

+ 1 (d« A + i d &a X a A ) S Aa - 1 (7 IJ ) a B n J d J R A B y- xP ~ XQ - xQ 

= ja(s){A) T a = (jZ d^ + Jaa A d A a + jaAad^ + JaA B (4.73) 

The coeff icien ts of the level-zero densities can be read off the explicit expressions provided in 
appendix D.l We thus have the following expression for the level-1 densities ja i '- 


3a ] = -3a ~ Jaa A (/a“ ~ * A Ad Z““) ~ jaAa (/“ A - % X a A ) + j aA B p B A ~ j^', 

The combination with the bi-local part of Qd) then gives the full level-1 charge 


(4.74) 


Qi 1} = 2 / C a J ds 1 ds 2 £(s 1 -s 2 )j b (s 1 )(A ien )j c (s 2 )(A ien ) + J dsj^(s) 

+ [ ds 7r M - i j aa A X Aa tt" q - i jaAa n aa X a A ) (n 1 n J - 8 IJ ) 


AA A/I 

Uw^iren ^-^ren 


dn 1 5n J 


(4.75) 


The vanishing of the level-1 charge Qd) ma y b e rewritten as the invariance of the super Wilson 
loop under the level-1 Yangian generators 


Ja ] = f Cb a J ds 1 ds 2 £(s 1 -s 2 )j b (s 1 )j c (s 2 ) + ^ J dsjJ\s) 

+ 2 [ ds (j£ 7T M - i j aa A A Ad TT aa - i jaAa X a A ) (n 1 U J ~ j IJ ) 


6 2 


8n I 5n J 


(4.76) 
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Note that in the above equation the A appearing in front of the integral denotes the’t Hooft coup¬ 
ling, whereas the A’s appearing under the integrals denote the fermionic piece of the boundary 
curve. Concretely, applying the above generator to the super Wilson loop gives 


J<'> (W(C)) = (as' 1 ) + O (\/a)) <W(C)> 


To discuss our result, consider the level-1 momentum generator pd)M, which was also studied 
in [ 20 ], 

h 2 


p(i)M = f c b piM / dsids 2 e(si - s 2 ) jb(si) jc(s 2 ) + 2 / ds 7 T M (n 7 n J - S IJ ) 


5n I 5n J 


A 


+ —- I ds + (k 2 — h 2 ) 7 + 4itr (ApAcd*) — 3itr (AA( 7 rcr M 7 r — 


tr (12 A 7 tAA 7 tA + 2i(AA — AA)vr — 4i(9( 2 )X — A 0( 2 ) + ApA) 7 r) 7 r M J- (4.77) 


Compare equations (4.25) and (4.64) for the variables 9(2) and p. The bilocal term has the typical 
structure of a level-1 Yangian generator and generalizes the bosonic result to the superconformal 


algebra psu(2, 2|4). In comparison to the AdS$ result (1.3) we find a structurally new contribution 
in the local term involving two functional derivatives acting on the same point of the loop. This 
contribution is due to the inclusion of non-trivial boundary curves on S 5 and also appears at the 
purely bosonic order. We also see that the local term reproduces the AdS$ result if we set the 
fermionic coordinates zero and the sphere vector n 1 constant. This shows in particular that the 
inclusion of fermionic degrees of freedom at strong coupling does not affect the A-dependence of 
the local term, which was discussed in 20 . There thus seems to be a non-trivial interpolating 


function /(A) in the level-1 Yangian generator, that encodes the symmetry of the super Wilson 
loop for any value of the coupling constant A, 

pm [ ds 1 ds 2 £(s 1 -s 2 )jb(s 1 )j c (s 2 ) + 2 j ds tt m (n J n J - 5 IJ ) ^ 


p(i)M — ycfe 


+ /(A) / ds j 7 r M + (7r 2 — h 2 ) n' 1 + 4 i tr (ApAcP) — 3 i tr (AA () 


— tr (12 A 7 tAA 7 tA + 2i(AA — AA)tt — 4i(0( 2 )A — A 0( 2 ) + ApA)^)^! . (4.78) 

Here, we have assumed that the local term has the same contour dependence for any value of A 


as the weak coupling calculation for the terms that are of GraBmann order zero indicates 20 


Further evidence for this assumption could be obtained from comparing with the weak coupling 
result of 22 . The generalization to the other level-1 generators should then be obtained from 


equation (4.76). 


5 Conclusion and Outlook 

In this work we provided a strong coupling description of smooth Wilson loops in J\T = 4 super¬ 
space in terms of minimal surfaces of the AdS§ x S 5 superstring and derived the superconformal 
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and Yangian Ward identities for these super Wilson loops from the classical integrability of the 
string model. In doing this, we have studied minimal surfaces of the AdS§ x S 5 superstring and 
determined their behaviour close to the conformal boundary. 

In 20 the superspace for the super-Wilson loop was adapted to the held content of Af = 
4 SYM by hand. The construction of the superconformal boundary of the string superspace 


19 


provides a natural candidate for this superspace and we have derived the superconformal 
symmetry generators that should leave the super Wilson loop invariant. The generators are 
listed in appendix |D.1[ Given the matured understanding of the appropriate superspace and 


symmetry generators, it would be interesting to revisit the construction of the super Wilson loop 
as performed in 1201, which was based only on the requirement of superconformal Ward identities 
for the super Wilson loop. This provides a different construction principle than the one used 


in 19,21 , which is based on dimensional reduction from ten-dimensional Af = 1 superspace and 
provides the on-shell form of the Wilson loop in Af = 4 superspace. 

The Yangian symmetry generators we derived show a new structure in the local term, that 
has not been observed in the weak coupling analysis carried out in 1201. It will be interesting to 
compare them to the Yangian symmetry generators for the super Wilson loop at weak coupling 
22 . As mentioned in the introduction the super Wilson loop we consider may be thought of as 
the smooth counterpart of the lightlike polygonal non-chiral super Wilson loops of 114,13 . As 


the cusped Wilson loops stand at the heart of the duality relations to scattering amplitudes or 
correlators, it would be very interesting to study the relation between smooth and cusped (super) 
Wilson loops in detail and to find out what implications the Yangian symmetry of the smooth 
super Wilson loops has for the cusped ones. 

The Yangian symmetry certainly constrains the functional form of the expectation value of 
the super Wilson loop. In order to make progress towards possible exact results it would be 
important to understand the structure of Yangian invariants, which should form the building 
blocks of the exact results. In 27,32 it was shown that the renormalized areas corresponding to 
a family of boundary curves parametrized by a spectral parameter are the same. The different 
contours are not related by conformal transformations and it would be interesting to investigate 
the relation to the hidden symmetries presented in this work. 
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A Spinor Conventions 

The raising and lowering of spinor indices is given by 


\° = £ ap \p, A« = A% a , = \ & = \peP & (A.l) 

The epsilon tensor is defined by 

£ 12 = £12 = 1, £ 12 = £n = -1 => £ a/S £ 7 /3 = , £ a ^£jp = <5" (A.2) 

We introduce the following convention for sigma matrices 


Kf“ = (h,sf a , 
KV = I (^ 0 “ 


dV^j 0 


/ a ’ 


(^)aa = Ok, -*)a& 

= i 




(A.3) 


With the mostly plus metric 77 = diag(—, +, +, +), these matrices satisfy the following identities: 


a 


Q 7 


a^ + dA^ = -2 tT^, 


_ Liaa _ 

(j^ a 


/i/3/3 




Md7 d^ + cA d7 dA = -2 7 f v 8% , 


7 ^ 


= -2 
= - 277 ^. 


(A.4) 


We also note the following trace-identities: 


\ Tr(d M a u a p a K ) = rT V pK + V vp V 1 ** ~ - i e pvpK , 

\ Tr (cr M d K ) = rf v r] pK + 77 ^ 77 ^ - rf p 77 ™ + i e pvpK . 


(A.5) 


We assign bispinors to four-vectors and two-tensors by 


X aa = <7 paa X„, 

B P = B (a pv ) 13 


@OiOt ' P f 1 5 


— _ 1 Moa 

2 U J '«o 1 


B a p = B tw (u 




For these we have the following identities: 


rpOLOt. „ - - rp ^ Ati /y« _ rp^ft - - rp^ rp . /i .OiCX. - -O /y>/i / 

^ ^ ot(3 ^ u r ? ^ olol ^ ^ u oli ^ glol y " ^ y 


P 


(A. 6 ) 


(A.7) 


In our paper the fermionic coordinates and related quantities have canonical index positions, 
which are given by: 


d.4 


0q , 67 d f° r variables conjugate to < 5 . 4 ° , Q , 


, d a for variables conjugate to S a , S7d . 

Whenever a spinor index is raised or lowered into a different position, we spell out the indices 
explicitly. In a matrix product, the indices of bispinors are positioned accordingly. We provide 
the following examples for clarity: 

tr (88 + 89) = 9 A + 8 A a 9 Q A , [AttAAtt] / = A A(h \p B X B ^ tt 7 “ . 
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B Transformation Behaviour of the Bosonic Local Term 


In this appendix we prove that the local term 

L 


J, 


(i) _ A 


a , local 


= ^2 / dS ^a(^) (V 2 + Xp) 


(B.l) 


of the bosonic Yangian symmetry generators derived in 20 indeed transforms as 


T-(O) t(1) 

J a i J l 


b, local 


_ £ c t(1) 

J ab J c, local ' 


Here, £ p (x) denote conformal Killing vectors which satisfy the identities 

C a „ y - S d„ C = u e, a" C + S" e = 1 (a«C) <r 

i (V/' J a- + a'- - ,/“■ a J ) (a* c) = e, a„a„a A c = o. 


(B.2) 


(B.3) 


Moreover, in (B.l) the parametrization is fixed to satisfy dr = 1, which implies that x ■ x — 0. 
We indicate the use of an arc-length parametrization by stating the boundaries 0 and L of the 
integration domain. In order to derive the transformation behaviour (B.2), we need to rewrite 
(B.l) as a reparametrization invariant curve integral, since h|x| 7 ^ 0 also if we have fixed a 
parametrization for which x = 1 . One may easily convince oneself that 

2 


■ 7 i! local = ^ f 


X,, 


^*15? 


X 


X 


+ a.l W.(S 

x V x 


(B.4) 


is reparametrization invariant and reproduces (B.l) for an arc-length parametrization. We are 
thus able to compute the variation of J b j ocal : 

L 


_ _A_ 

0J b, local - 2vr 2 


dsj (dp$) (±pX 2 + Xp) -d s (rj^ x 2 - 4 XpX p x 2 )] 


+ 2<9 2 (tf Xpip) - d s [(<9 S XpXp + (d 2 Cb) (Vw - XpXp)] }<5x p (s) (B.5) 

Note that we have reverted back to an arc-length parametrization after calculating the variation. 
Using the above result, one finds: 

j(°) jd) _ / c ]s,f p ('x')_ b ’ local 

Ja , 'b, local J ~ J fop( 5 ) 


A 

2^2 


ds{^a (dp (xp X 2 + Xp) + (d 8 O U X 2 + (d 3 £ p ) £ pb 

+ (9 S O [ - 4 CbXpXp x 2 -2 d s (C b l XpXp) + (d s tf) Xp± p - (d 2 ) XpX p ] } (B. 6 ) 
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Due to the use of an arc-length parametrization and the identities (B.3) one finds that 


a, 3 a = (a A a) + 3d, (s A e) x x = - (a* y) *a +1 (a„ o f+ 39 , (a A e) * a (b.t> 


We can thus rewrite the first line of (|B.6) as 



+ X„) + Rf "I'iCi (x f x 2 + x p ) +69, (d x C) +>] } . 


(B.8) 


Accordingly, we hnd 


j (°) j 

J a ) 


( 1 ) 

6, local 


= /a fe C ^ 


( 1 ) 

c, local 


+ -Rab 


(B.9) 


and still need to show that 

L 


^ab 


A 
47r 2 


ds { (<9 S f£) [ - 4 x 2 -2 d s (tf x^Xp) + (d s ai p i; p - (<9 2 x M i; p ] 

+ £b[(^0 + s p) + 6 ^ (<9 A £ pa ) x A ] } =0. (B.10) 


This may be achieved by applying the conformal Killing vector identities (B.3). Consider for 
example the first term: 

L L 

J d « (As O (-4 tfxpipx 2 ) = I d s{\x p (d n Ca) ~ {d p £) x\) (~4^XpX p x 2 ) 

0 0 

L L 

= -2 / d s(d K OtgxpX 2 - I ds (dsCa) (-^^x^x 2 ) 


0 

L 


J d s(d a g) (-4 ^XpXpX 2 ) = - j d s(d K ^)^ipX 2 


(B.ll) 


0 

Analogously one finds that 

L 


J ds(d 3 g) (- (d 2 tf) XpXp) = ~\ j d s(d K C) { d l C) 


ds (d s O (d s tf) XpX p = - / ds (d K C) (ds C) ^ ■ 


(B.12) 
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Moreover, we have 


3 / ds<9 s (<9 A ££) £ pb x x = - / ds (d K C) + V llp d x (d K C)) ipXx^pb 


= - / ds (d s ( d K O $ Xp + d x (d K C) x\tb ip) 


= - ds(d K g) ((d*$) Xp + (d a tf) Xp) , 


2 f ds (d 2 ^) Xp^Xp = 1 f ds (d K C) (C XpX 2 - d 2 s ($±p)) . 


(B.13) 

(B.14) 


Inserting these results into (B.10), one indeed finds R ab = 0 which concludes the proof. 


C The fundamental Representation of su(2, 2|4) 

In this appendix, we introduce the fundamental representations of su(2,2|4), which is used 
throughout this paper. We begin with the fundamental representation of the /?-synimetry part 
su(4). 

The fundamental Representation of su(4) 

Following 1251, we fix an explicit representation of Dirac matrices: 


7 = 


7 = 


0 — ia‘ 
ia 2 0 

0 — ia c 

ia 3 0 


0 ia 1 


7 = Ucd o h 7 =U 0 ’ 


0 Is 


7 5 = ( 12 0 
7 1 0 I 2 


(C.l) 


These matrices satisfy the Clifford algebra for 50(5), 

{ 7 a ,7 b }=2h a6 I 4 , a,6e{l,...,5}. 

Based on these matrices we may construct a set of matrices 7 /J = — 7 J/ , which form 
su(4) ~ so(6): 

l" h =\ b a ,l b ] , 7 a5 = |7 a , a,be{ 1,...,4} 

7 a6 =i [7 a ,7 5 ] , 7 56 = -| 7 5 . 

They satisfy the commutation relations 

b IJ , 7 xl ] = s IL y k + s JK 7 /l - 5 IK r }L - s JL b K . 


(C.2) 
a basis of 

(C.3) 

(C.4) 
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The matrices [y b , 7 a6 |a, b E {1,..., 4}} span the sub-algebra so(5) C so(6). We also introduce 
the matrix 

K = - 7 V = ('if , K (7“f = 7“ A'. (C.5) 

This matrix can be used to define a Z 2 -grading on su(4) according to the definitions 

su(4)^ 0) := {m E su(4) | m* = -AW 1 } , su(4) (2) := \m E su(4) | m* = AW 1 } . (C.6) 

Using the relation ( 7 “)* = KyK~ l , a E {1,..., 5} one finds that 

su(4) (0) = span{ 7 ab , 7 a6 | a,b E {1,...,4}} ~so(5), 
su(4) (2) = span { 7 a5 , 7 56 \a E {1 ,..., 4}} . 

Thus the grading gives rise to the decomposition so ( 6 ) = so(5) © f, which may be employed to 
construct the coset space SO(6)/SO(5) — S 5 . 


Supermatrix Representation of su(2, 214) 

The superalgebra su(2, 2|4) can be defined as the set of (4|4) supermatrices satisfying str(£>) = 0 
and the following reality condition: 


p> _ (m e\_(-H m ] H- 1 -Hr A 
\V nj~ ^ -O^H - 1 -nt ) = 

Here, the matrix H is given by 


H = 


(° 

\h 






(C. 8 ) 


(C.9) 


This choice of the matrix H is better adapted to the choice of generators that are typically used 
on the field theory side and it differs from 1251. The different choices for the matrix H are related 
by a unitary transformation. To endow su(2, 2|4) with a Z 4 -grading consider the automorphism 

B Q(B) = —1C B st KH 1 , ^=(0 k ) ' ^ C ‘ 10 ^ 


This automorphism gives a decomposition of the superalgebra sl(4|4), according to the eigenspa- 
ces of 0 : 


sl(4|4) = sl(4|4) (0) ®5l(4|4) (2) © s [(4|4) (1) © sl(4|4) (3) , 
sl(4|4)W := {B E js[(4|4) | Q(B) = i k B } . 

Any element of sl(4|4) may be projected onto an eigenspace by the prescription 

P {k) (B) = B {k) = \{B + i 3 k n(B) + i 2 k fl 2 (B ) + i k n 3 {B)) , fl(B^) = i k B {k) . 


(C.ll) 


(C.12) 


41 


While the automorphism Q may not be restricted to su(2, 2|4), the projectors P^ can, i.e. 


B e su(2, 2|4) =* B {k) e su(2, 2|4) 


(C.13) 


This property does not depend on our particular choice of reality constraint. Thus one may 
define a grading on su(2,2|4) by: 


su(2,2|4) = 0 (o) ® fl (2) ® 0 (1) ® 0 (3) , where 0 (fc) := {P (k) (B) \ B e su(2, 2|4)} , 
[0 (fc) , 0 (O ] C 0 (w) ' 


) mod4 


Following |8], we choose an explicit basis of the superalgebra su(2, 2|4): 


0 

P, 

Q A a \ I 

( 0 


2 E°a 

K, 

0 

S A , = 


0 

2 EaA 

Q A 

&a 

~Q^~ 

r a b J ' 

1 

to 

-2 E A6i 

\AE a b -5 a I 4 


This equation is to be read as 



fo 


0 

p *= 1 

0 

O 

0 


O 

0 

0 


(C.14) 


(C.15) 


and similarly for the other generators. The notation E A B denotes a matrix with entry 1 in the 
position (A, B) and all other entries vanishing. The remaining generators of su(2, 2|4) are given 
by 



C = \ Is. (C.16) 


Note that the fermionic generators do not satisfy the reality constraint, but the linear combina¬ 
tions 9 a A QA a + 9AaQ aA and 9A a S a A + $ aA SAa do, provided that 


0Aa=(e a A y , ^ A = (OA a y , 


(C.17) 


such that they form the components of a ten-dimensional Majorana-Weyl spinor. Also the R- 
symmetry generators R A B do not satisfy the reality condition. Instead, the su(4) sub-algebra is 
spanned by the matrices 


r"=(oy,). (C.18) 

which are related to the R A B by T 1J = | (y 7 * 7 ) a B P A b- The generators R A B are however more 
convenient to write down commutation relations. We have the following for our specific choice 
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of basis: 


D,P» 
{QA\Q“ S 

Pi\/\ i Qa & 

pact A 


+p» 


P»,K V 

— +27^ D — 2M fll/ 

- 2 i dfP Aa \ 

s a 

A q 
? ^ B6i 

= —2 i S B K a a 

-2 iS^Sa* 

K 

ya , (A 

= +2 i6is a A 

+2 i5«Q aa 

P 

aa c 

= -2 i5jQ A a 


D,K M 
D , Qa° 
D, S,i 


~K, 


-\-\Qa 

_ 1 qA 
2 ^a 


(C.19) 


The commutators with the generators M and R only depend on the set of indices and their 
position: 


Mj, A 
ma , r 

~R a b , J c 


2 i5Pj a -i5& 
2 iSp°-i6^f> 
AS^J a -5 a J c 


Mj, A = -2 i8lJP + i5^ 


M a p : Jy 
R A B:JC 


= -2 iSVJp + iS?^ 
= —ASqJb + S B Jc 


(C.20) 


The remaining non-vanishing commutators are given by 

{' Qa “ , S „ B } = -2i 6% Mf - y R b a - 2 Si y (D + C) , 
{Q ° A , = —2iy r a b + 2 y y (D - C) . 


(C.21) 


We collectively denote the generators defined above by T a and their structure constants by f a b c , 



(C.22) 


A set of generators of psu(2,2|4) may be obtained by projecting out the central element C, i.e. 
identifying T a ~ T a + aC, which is consistent since C generates an ideal, [C, T a ] = 0. We denote 
the structure constants of the corresponding basis of psu(2, 2|4) also by f a b c as they are the same 
with just a different range of indices. 

Let us now work out the projections of the supermatrix generators onto the graded compon¬ 
ents. For a general supermatrix 


fm 6\ 

\rj n) 


(C.23) 


these projections can be given explicitly 25 


d(o) _ 1 fm — Km t K 1 0 \ 

B ~ 2 V 0 n ~ R ri 'K - 1 ) ’ 

o(i) = I ( 0 6-iKifK- l \ 

2 A + iKO^- 1 0 ) ’ 


„( 2 ) _ 1 + Km 1 K 1 0 \ 

B ~ 2 V 0 n + KrSK- 1 ) 1 

o( 3 ) = 1 ( 0 9 + iKrfK~ l \ 

2 \r ] -iK9 t K- 1 0 ) ' 
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Making use of these identities we find: 


0 (O) = span {M^, | (P /4 - Kfj) , T ij , r* 6 } , 0 ( 2 ) = span {C, D, \ (P, + K„) , r* 5 , T 56 } (C.24) 

For the fermionic generators we introduce the notation ± kh 3 ) and note that 

(Q,S,Q,S)W+W = (Q,S,Q,S) and 

(«) <1M3) =iK AB ^Sf, (Q A “) m ~ i3> = -iK AB S Bll e( k \ 

(S A ) (1) - (3) = i h' AB Qi e„«, (£,*)'“ MS) = -i K ab e 4jS Q BB . 


A metric G ab = (T a , T b ) = str (T a T b ) on the algebra is given by: 

{f 4 “,V^) = -4y«S| (D,D) = 1 (M/,M y ‘) = -iS B S e a + 2S B S , y 

(Q° A ,S Bt ) = 4S A dl (Q A \S 0 B ) = -46 B A 6° f (M^,M 4 4 > = -4^y + 2^y (C.26) 

(Sb^,0 4A ) = -4^^ (Sf, B ,QA“)=iSi6% (R a b ,R c d ) = - 16 <5^ Jg + 4<5g <5g 

All other entries are vanishing. We note moreover that 

(r /J , r* L > = 16 (6 il 6 jk - 5 ik 5 jl ) , (R A b , T ij ) = -4 {y IJ ) B A , 

=► r /J = I (i ij ) a b R a b, ( c - 27 ) 

<P ( 2 ) P A b , P ( 2 )P%) = (P a b , P^P c d > = -AK bd K ac - A5 a 5 c b + 25X . 


If we restrict to psu(2,2|4), the metric G ab becomes non-degenerate and we denote its inverse by 
G ab , G ab G bc = S£. Note also that G ab satisfies the symmetry property G ab = (— 1 )'“' G ba , where 
|a| = deg(T a ) denotes the Grafimann degree of a (homogeneous) basis clement, |a| = 0 (1) for an 
even (odd) generator. 


D Densities of the Yangian Generators 

D.l Level 0 

In this appendix we provide the differential generators j a (s) obtained from 

ja(s) (-4) = <V( 0 ) , r„), 


(D.l) 


which we write out explicitly in the form p^ l (s) (A) = (J T ( o)(s) , P M ) and similarly for all other 
generators. Here, we use the short-hand notation 


A A 

fr = , fr :a = a Aa & 1 , d a A = r ' 


Sx,*(s) 


SX A (s) ’ 


d A a = 


5 


5X A a{s) ’ 


d 1 = 


5 


Sn^s) ' 


(D.2) 
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Then, we have: 


^ = 8" 

Qa = a + i^Aa d a ' 

= nj ~\^a V 


d=\{ X8 x + X8 x ) + x ■ 8 X 

-Aa = _gAa + {> A Qaa 


n^ = 2iX A$ 8 AA -ix a ^ 


nj = -2iX A 8^ A + ix adt d^ 
r A B = ^{{l U ) B A n 1 d J + X B 6 l 8 Aa -X A 8 B ) - 5 B (Xd x -A d x ) 

Finally, we note the generators of special superconformal transformations: 

4 = i 9 Ad + s+A X A 8 - 4 Af A $% + 4Af (/ J ) / n'fr' 

saa = ~i sA <9^ - x~ d X A p d^ a - 4 X A p X Bd! 8 Bl3 + 4( 7 /J ) A Asa n 7 <9 
k «a = i x+p n^a - ix~ p6i nj - x^ x pdt 8& - 8 i (A 7 /J A) Qd n I 8 J 

Here, we introduced the chiral and anti-chiral coordinates 

X aa x aa T 2% X a X Aa ■ X aa x aa 2% X a X Aa ■ 

These generators satisfy the following commutation relations: 


d , P, ,. 

= '~P» 

Pn , K 

= -27]^ d + 2m^ 

d, k M 

— +^t 

y Qa j Q j 

> = -2i d B A p ha 

f s A 

, a Ba j 

> 2i S B k a d 

d, 92 

— 

2 Qa 

k aa i Qa 

= +2 % d^SAa 

k ■ a A P 

fv «ct i '/ 

= -2* 

d, s A 

= +v 
~ 2 

aa A 

P > S 0 

= -2i b a p q A& 

P > b A0 

= +2 i8$(& 




(D.3) 


(D.4) 


(D.5) 


(D.6) 


The commutators with the generators m and r only depend on the set of indices and their 
position: 


(D.7) 


m /, d 7 

= -2 i8Pj a + i5& 

V, 

= +2i — ib^J 1 


= -2 iSp A + iSpd 

m"^, J 7 

= +2 ibpp-ibpi 

r A J c 

' B i J 

= -4 5%J A + 5p c 


= +A5 a J b — b B Jc 


The remaining non-vanishing commutators are given by 


Qa , sp l = ~ 2 * S A m 3 


b<$r“ A -25 B b a p d 


—Aa 


QX~ i s Bi)] = ~ 2i S B m - 5% r A B + 2 5% b a p d 


(D.8) 
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Note in particular, that the differential operators form a representation of psu(2,2|4) as the 
central charge is vanishing identically, which can be seen from the commutators of q and s given 
above. A comparison to the commutation relations of the generators given in appendix [C| shows 
that all except the odd-odd commutators have a different sign, 


T.,n = / 


j.M. Ms') \ = u‘S(s - s') j c (s) , u = -(-i) 1 '™/,/ = f, 


(D.9) 


ba 


In order to see how the metric (C.26) translates to the basis of differential operators we may 


consider a representation of the j a in terms of the psu(2, 214)-generators we introduced in[Cj The 
assignment is given by 




(D.10) 


where A a denotes the weight of T aj [D, T n ] = A a T a . A straightforward calculation shows that 
the components of G in terms of the generators T a are given by 


rp rp \ py _ / -i \ |a| py _ py pyab ( 1 \ \CL\ ptab pi 

+ / — ^ab — { — -LJ trab ~ ^ba , ^ ^ ^ 


ab 


vM piab _ piba 


(D.ll) 


D.2 Level 1 


In this appendix, we provide the parts of the level-1 densities, which are defined by 


■ _ | p-p+eq+SQ ( _ ^ Kfi + ^* M ^ 


Ja 

A direct calculation gives 

= o 

(<? (1)/ )a = _2 ^(2)Aa7T Q 

For the remaining generators we have 


3 -X-P-0Q-6q| 


( 0 ) 


d= i tr (A7 t6 i (2) — 0( 2 ) 7tA) 


(gW') Ad = -2nr &a d 


( 2 )« 


( m(1) ')/ = - 4 (M 2 ) 7r)/ + 2 5f tr(A0 (2) n) 

(™ (1) T/j = 4 ( 7r0 ( 2)^)“/3 - 2 5“ tr (7T0 (2) A) 

(r (1), ) A B = 8i(\ir6( 2 ) + 9( 2 pX) B A - 2 iS^ tr (Xn9( 2 ) + d( 2 )irX) 

(s ( 1)/ ) q A = (-4 (tt - 2i0 (2) A) 7rA-2a;-7r0 ( 2)) a A 

( s ~ (1) ')a 0 = ( 4 A7r(7t + 2zA0 (2) ) +2 0 (2 )7ra; + ) A( . 

( fc(1), )ad = 4i (^0(2) A - X0( 2) ?TX-) ad 


(D.12) 


(D.13) 


(D.14) 
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E Kappa symmetry gauge fixing 


In order to provide some evidence for the possibility to fix the kappa symmetry gauge (4.2), we 
consider the simple case of a straight-line boundary curve. The boundary conditions are given 
by 


X(0, s) — (0, 0, 0, s) , y(0,s) = 0, N(0, s) = const.. 


(E.l) 


We do not need specific boundary condition for the d-variables as we will be working to linear 
order in Grafimann variables, such that the d-variables do not appear. For the same reason, we 
are only interested in the parts of the bosonic variables which are of Grafimann order zero. These 
are subject to the equations of motion for a bosonic string on AdS 5 . It is easy to see that they 
are solved by (we fix conformal gauge) 


X(t,s) = (0,0,0, s ), y(r,s)=T. 


(E.2) 


= A (2 | + K,^’ 1 A^l , where 


We recall that the kappa symmetry parameter is given by (|3.1l|) 

K m = A w K m.i + i 

Vl = PS Vj = i( 7 w ±t£«)V J . 

In conformal gauge we may simplify this to 

k = k w+< 3 > = {4 2 >, V'l+W} +. {.4?, 


(E.3) 


As we are only working to linear order in Grafimann variables, we only ne ed to determine those 
parts of A[ 2 \ which are of Grafimann order zero. They follow easily from (E.2) and we have 


A ( 2 ) = Xa » 

s 4 y 


(P“ + K' ia ) , 


A ( t 2) = —D 

y 


(E.4) 


The anti-commutators of supermatrices appearing in (E.3) can be related to commutators due 
to the particular form of the supermatrix generators given in appendix [Cj We have the following 
identities for V G {P^, K M , D}\ 

[V,Q} = \V,Q], {P,S}=[V,S}, {P,S} = -[P,S\, {V,Q} = -[P,Q} . (E.5) 

This allows to compute the variation parameter k. Parametrizing the arbitrary fermionic matrix 
/C as 


1C = a a A Q A a - d AA Q- + b A a S a A - b aA S AA 




otA ( 


(E.6) 


we obtain 


k = 


2yV 


B\ rA A 


(iXaa b aA + K AB b Ba ) Q a + ( -ib A a x a6i - K AB b A B ) Q 


+ ( ia Adl x aa + K ab a aB ) S a A + {-ix aa a a A 


- K AB d A B ) Sa* 


\aA 


= c* A Q A a - c A „ + d A a S Q A - d AA S A6l . 


(E.7) 
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The parameters c, c, d, d are related among each other by 

ca& = i exc a B K BA , d AA = -i K AB d B a x a$ e^ . (E. 8 ) 

This means that fixing Ci and cfi determines C 2 and C 2 , fixing C 3 and C 3 determines C 4 and C 4 
and likewise for d, d. In particular, we observe that the kappa transformation has half the 
degrees of freedom of a generic fermionic element, as it should be. We also see that we cannot 
enforce k e su(2,2|4) by constraining 1C. One may e.g. enforce (cy* 1 )* = c.\ A but that leads to 
(c„ 2 )* = — C 2 a- We go on to calculate the kappa variation of the fermionic part of A, which is 
given by 


,4 (1)+(3) ^ 24 /( i )+ (3) = A (1)+(3) - dn + [d4 (0)+(2) , k] (E.9) 


For the terms that are of Grafimann order zero we have 


i 4(o)+(2) = _I D i 4(o)+(2) _ x pc 

y 2y 


(E.10) 


and we find the following transformations for the parameters £ and y: 


XrA a = XrA a ~ (d T + d A a , 
x' s A a = XsA a - d s d A , 


-/ a A 


Xr = X' 


— aA 


~ (^ J d 


jaA 


J A 


-id — d- ) c A 

-TOi \ W T 2 y J 5 


e' A = e A 

c sQ c sa 


— 3 c a — A— nr . (j 

w .s '-'a 2 y 


aA 


■x/ & A - a A jaA 

As As u s a j 

£rAa £rAa ( dr i) £ Aa i 


£sAa 0 S Caq, “I - d 


. ^ rp 

A ^aa •> 


(E.ll) 


Due to the form of the relations between the parameters c, c, d, d explained above, it is thus clear 
that we can indeed reach the kappa symmetry gauge 

£a=£a= 0 , £ 2 d = £4a = 0, y“ = X 3 = 0 , X la = x 3 " = 0 • (E.12) 
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